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Definitions (1/6)

* Rectangle:
— Rectangle (R, C) cua ma tran B, B; € {0,1,%}, la mét tap
con cac hang R va tap con cac cot C sao cho B;; € {1,*}
voiie Rvaj e C.

1 2 3 4 5
1 1 1 1 0 0
2 1 * 1 0 *
3 0 1 1 0 1
5 1 0 1 1 1
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Definitions (2/6)

« Contain:

— Rectangle (R1, C1) goi la chira rectangle (R2, C2) néu
(R2cR1vaC2 c C1)hoac (R2cR1va C2c Cl).

1 2 3 4 5
1 1 1 1 0 0
2 1 * 1 0 *
3 0 1 1 0 1
5 1 0 1 1 1
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Definitions (3/6)

 Prime rectangle:
— Rectangle (R,C) cua ma tran B dwoc goi la prime
rectangle néu n6 khéng bi chira béi bat ky rectangle nao
cua B

1 2 3 4 5
1 1 1 1 0 0
2 1 * 1 0 *
3 0 1 1 0 1
5 1 0 1 1 1
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Definitions (4/6)

e Corectanqgle:

— Corectangle cua 1 rectangle (R, C) la cap (R, C’) trong
do C’ la tap cac c6t khdng thubc C

1 2 3 4 5
1 1 1 1 0 0
2 1 * 1 0 *
3 0 1 1 0 1
5 1 0 1 1 1
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Definitions (5/6)

 Rectangle cover:
— Tap cac rectangle ({R*, C}) tao thanh rectangle cover
cuamatran Bnéuvdiie Rfvaje Cf= B;=1.
— MGi gia tri 1 cua B phai bi phu béi it nhat 1 rectangle cua

cover.
1 | 2 | 3 4 5
1 IE 1 1 0 0
2 1 * 1 0 *
3 0 1 1 0 1
5 1 0 1 1 1
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Definitions (6/6)

 Minimum weighted rectangle cover:

— Moi rectangle (R,, C,) dwoc gan cho trong s6 hodc chi
phi dinh nghia b&éi ham w(R,, C,). Trong s6 cua mét
rectangle cover dwgc dinh nghia:

>wR".C)

IC néu|R| =1
IC| + |R] néu |R| > 1

ma W(R,C) =

— Minimum weighted rectangle cover caa mét ma tran la
rectangle cover co6 tong trong s6 cac rectangle nho nhat.
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** Rectangle — Kernel
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Cube-Literal Matrix (1/2)

» Biéu dién biéu thirc luan Iy bang ma tran cube-literal:
— Moi hang twong tng véi cube
— M0i cot twong trng voi literal
— B;; = 1: bién thtr j xuat hién trong cube thir i ctia biéu thirc

g=a.b.e+a.c.d+b.cd

1 2 3 4 5
a.b.e 1 1 0 0 1
a.c.d 1 0 1 1 0
b.c.d 0 1 1 1 0
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Cube-Literal Matrix (1/2)

1 2 3 4 5
a.b.e 1 1 0 0 1
a.c.d 1 0 1 1 0
b.c.d 0 1 1 1 0

 Rectangle (R,C) = ({2,3},{3,4}) = cube c.d
« Corectangle (R,C) = ({2,3},{1,2,5}) = (a + b) = g/(c.d)

- Chon prime rectangle biéu dién cube chung I&n nhat gitra cac
toan hang cua biéu thirc luan ly.

. Két qua cua phép chia biéu thirc cho cube trén 1a mot cube-free
— kernel cua biéeu thirc.
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Rectangle — Kernel

* Dinh nghia:
— Moi prime rectangle la mot cokernel
— Moi corectangle cia mét prime rectangle la mot kernel

1 2 3 4 5
a.b.e 1 1 0 0 1
a.c.d 1 0 1 1 0
b.c.d 0 1 1 1 0
cokernel
kernel
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Common-Cube Extraction

- F=ab.c+abd+eg

e G = abfg c d e f g
s H=Db.d+ef F, ab.c 1 ol o | o]l o
F, a.b.d o| 1|0 0] O
F; e.g 0 0 1 0 1
G a.bfg 0 0 0 1 1
H, b.d o| 1|0 0] O
H, ef ol o | 1| 1]0
« X=ab= F=Xc+X.d+e.g
G =X.f.g
H=Db.d+e.f
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Common-Cube Extraction

« Giatri v(R, C) cua mét rectangle:

— sO bién du’c_yg rut gon sau khi ap dung extraction cho
cube biéu dién bdi rectangle

v(R,C)=/{i, j)IB; =LieR, jeC|-w(R,C)

a b C d e f g
F, a.b.c 1 | 1|l 1] o | o] o] o0
F, ab.d 1 | 1|l o] 1] 0] oo SO bien: 6
F o|lo|o|lo0o]| 1| 0] 1 W(R,C) =5
e.g £ X ,
> — SO bién rit gon: 1
G a.bfg 1 1 0 0 0 1 1
H, b.d ol 1|0]| 10| 0] o0
H, e.f olo|o|o]| 1] 1]0o0
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Kernel Intersection (1/7)

« Ma tran cokernel-cube:
— Moi hang twong trng vé&i mot cokernel
— M0i cot twong trng v&i mdt cube trong moét kernel

* Vidu:
F=-af+bf+ag+cg+ade+bde+c.de
G=af+b.f+a.ce+b.c.e
H=a.d.e+c.de
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Kernel Intersection (2/7)

T ebe | index
i e _tene

a.f 1

b.f 2 F de+ f+g
a.g 3 F b de+f
c.g 4 F d.e a+b+c
a.d.e 5 F f atb
b.d.e 6 F C de+g
c.d.e 7 F g a+c

af 8 G a ce+f
b.f 9 G b ce+f
a.c.e 10 G f ath
b.c.e 11 G Gl at+b
a.d.e 12 H d.e at+c
c.d.e 13
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Kernel Intersection (3/7)
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Kernel Intersection (4/7)

F —af+bf+ag+cg+ade+b.de+cd.e
G —a.f+b.f+a.c.e+Db.ce
H =a.d.e + c.d.e
= F =deX+fX+a.g+c.g+c.de
G =c.eX+fX
H —a.d.e + c.d.e
X —a+b
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Kernel Intersection (5/7)
« Trong s cla rectangle trong ma tran cokernel-cube:

tbng so literal wng v&i rectangle sau khi ap dung
extraction trén rectangle twong wng.

W(R,C)=> W +> W

IeR jeC
r £ 1 \ . .
W, : 1 + s0 literal ctia cokernel hang thir |
C £ ¢ . " ,
Wj . sO literal cta kernel-cube cot thir |
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Kernel Intersection (6/7)

« Gia tri cua mét rectangle (R, C) trong ma tran cokernel-
cube: so literal dwoe rut gon sau khi 4p dung extraction
trén rectangle twong wng.

V(R,C)= >V, ~wW(R,C)
1eR, jeC
Vij  :so0 literal cia cube duwoc tao boi

cokernel hang i va kernel-cube cét thr |
cua ma tran cokernel-cube
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Kernel Intersection (7/7)

a|b|c|ce|de| f | g F=af+bf+ag+cg+ade+b.de+c.de
F 3 0 0 o o 5 1 3 G=af+bf+ace+b.ce
H=a.d.e+c.d.e
F b 0O 0 0 0 6 2 O
F de 5 6|7 0 0 0 O
Ff 1 210 o o o o =F =d.eX+fX+a.g+c.g+c.d.e
G =c.eX+fX
F ¢ c 0 0 0 7 0 4 H =a.d.e+c.d.e
F g 3 0 4 0 0 0 O X =a+b
1 —
G a o 0 0 10 O 8 0|, W(R,C) —
G b O 0 0 11 0o 9 O
(3+2+2+3)+(1+1) = 12
G f 8 910 0 0 O O
G ce 10 11 0 0O O 0 oO
H de |12 0 13 0 0 o o|* V(R,C)=
3+3+2+242+2+3+3-12 =
8

23 _ 5/25/2011 Rev 0.00 Rectangles and Rectangle Covering



Content

“* PING-PONG Algorithm

24 _ 5/25/2011 Rev 0.00 Rectangles and Rectangle Covering



PING-PONG Algorithm (1/13)

« Muc tiéu: tim mét Rectangle co gid tri I&¥n nhat ma
khdng can phai liét ké ra tat ca cac Prime Rectangle

« Vi du: Tim Rectangle cO v I&n nhat trén ma tran
cokernel-cube cua ham #

F=ac+ad+ae+ag+bc+bd+ be+ bf +ce+cf+df +dg
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PING-PONG Algorithm (2/13)

« Bwdre 1: V& ma tran cokernel-cube twong rng cho biéu

thirc

F=ac+ad+ ae +ag + bc + bd + be + bf + ce + cf + df + dg

a 0 0 2 2
b 0 0 2 2
C 2 2 0 0
d 2 2 0 0
e 2 2 2 0
f 0 2 2 2
g 2 0 0 2
cokefrnel

2c [

O O O O N N DN
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0
0
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€= Kernel-cube

-

Vij : s6 literal clia
cube tao bdi
cokernel hang i va
kernel-cube c6t j
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PING-PONG Algorithm (3/13)

« Buwdre 2: Chon hang tot nhat lam hat giong

1 2 3 4 5 6 7

N~ o o A~ w NP

-~ O QO O T
N O DN N N O O
OO N DN NN N O O
O N N O O NN
N N O O O NN
O O O O N NN
O O O N N N O
O O O N O O NN

g
Chon bat ki hang nao trong 4 hang 1, 2, 3, 4 vi c6 clung value:

V(R,C)= DV, =D W —> W) =(2x4)—(1+1)—(1x4) =8—-2—-4 =2
ieR, jeC ieR jeC
Chon hang 1: Rectangle: ({1},{3,4,5,7}) V(R,C) =2
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PING-PONG Algorithm (4/13)

» Buwérc 3: M6 rong rectangle hat giong theo huéng
tang so lvong cac hang = chon rectangle t6t nhat

1 2 3 4 5 6 7

1 a 0 0 2 2 2 0 2 Note:

2 b 0 0 2 2 2 2 0 Thém hang
cho dén khi

3 C 2 2 0 0 2 2 0 chi con 1

4 d 2 2 0 0 0 2 2 cot trong
tap cot C

5 e 2 2 2 0 0 0 0

6 f 0 2 2 2 0 0 0

7 g 2 0 0 2 0 0 0

Hat giong : Rectangle: ({1}.{3,4,5,7) V(R,C) =2
Thém hang 2: Rectangle: ({1,2},{3,4,5}) VIRC)=12-4-3=5

28 _ 5/25/2011 Rev 0.00 Rectangles and Rectangle Covering



PING-PONG Algorithm (5/13)

» Buwérc 3: M6 rong rectangle hat giong theo huéng
tang so lvong cac hang = chon rectangle t6t nhat

1 2 3 4 5 6 7

1 a 0 0 || 2 2 | 2 0 2 Note:

2 b 0 0 || 2 2 | 2 2 0 Thém hang
cho dén khi

3 C 2 2 0 0 2 2 0 chi con 1

4 d 2 2 0 0 0 2 2 cot trong
tap cot C

5 e 2 2 2 0 0 0 0

6 f 0 2 2 2 0 0 0

7 g 2 0 0 2 0 0 0

Hat giong : Rectangle: ({1}.{3,4,5,7) V(R,C) =2
Thém hang 2: Rectangle: ({1,2},{3,4,5}) VIRC)=12-4-3=5
Thém hang 6: Rectangle: ({1,2,6},{3,4}) VIRC)=12-6-2=4
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PING-PONG Algorithm (6/13)

» Bwdc 3: M& rong rectangle hat giong theo huéng
tang so lvong cac hang = chon rectangle t6t nhat

1 2 3 4 5 6 7
1 a 0 o2 Tz || 2 0 2 | Note:
2 b 0 o |2 || 2 || 2 2 o  Thém hang
3 ¢ 2 2 0 0 2 2 0 EZ?C%in1kh'
4 d 2 2 0 0 0 2 2 cot trong
5 e 2 2 2 0 0 0 o  fapcotC
6 f 0 2 2 2 0 0 0
7 g 2 0 0 2 0 0 0
Hat giong : Rectangle: ({1}.{3,4,5,7) V(R,C) =2

Thém hang 2: Rectangle: ({1,2},{3,4,5})
Thém hang 6: Rectangle: ({1,2,6},{3,4})
Thém hang 5: Rectangle: ({1,2,5,6},{3})

V(R,C)=12-4-3=5
V(R,C)=12-6-2=4
V(RC)=8-8-1 =-1
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PING-PONG Algorithm (7/13)

.« Buwdre 3: Mé rong rectangle hat gidng theo huwéng
tang so lwong cac hang = chon rectangle tot nhat
1

2

3

4

5 6 7

1 a 0 0
2 b 0 0
3 ¢ 2 2
4 d 2 2
5 e 2 2
6 f 0 2
7 g 2 0

O N N O O I DN

N N O O O | DN

Hat giong : Rectangle: ({1}.{3,4,5,7})
Thém hang 2: Rectangle: ({1,2},{3,4,5})
Thém hang 6: Rectangle: ({1,2,6},{3,4})
Thém hang 5: Rectangle: ({1,2,5,6},{3})

51 [ 5
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O O O O N Id DN
O O O N N N O
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V(R,C) =2
V(R,C)=12-4-3=5= chon
VIRC)=12-6-2=4
VRC)=8-8-1 =-1
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PING-PONG Algorithm (8/13)

« Buwérc 4: Chon hat gidong méi 1a cot ¢6 gia tri Ién nhat

trong rectangle dwoc chon ¢ buwéc 3
1 2 3 4 5 6 7

- DO QO O T 9o

~N o o b~ w N R
N O N D DD O O
O N DD MDD N O O
N N O O O | DN
O O O O N Id DN
O O O N N N O
O O O N O O DN

«Q

Hat giong : Rectangle: ({1,2,56},{3) V(R,C)=8-8-1 =-1
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PING-PONG Algorithm (9/13)

 Bwérc 5: Lap lai buwdc 3 nhuwng hoan vi gitra cot va
dong = chon rectangle tot nhat

1 2 3 4 5 6 7
1 a 0 0 2 2 2 0 2 Note:
2 b 0 0 2 2 2 2 0 Thém cot
3 ¢ 2 2 0 0 2 2 0 EZ?C%in1kh'
4 d 2 2 0 0 0 2 2 hang trong
5 e 2 2 2 0 0 0 o laphangR
6 f 0 2 2 2 0 0 0
7 g 2 0 0 2 0 0 0

Hat giong : Rectangle: ({1,2,56},{3) V(R,C)=8-8-1 =-1
Thém co6t 4: Rectangle: ({1,2,6},{3,4}) V(RC)=12-6-2=4
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PING-PONG Algorithm (10/13)

 Bwérc 5: Lap lai buwdc 3 nhuwng hoan vi gitra cot va
dong = chon rectangle tot nhat

1 2 3 4 5 6 7

1 a 0 0 2 2 2 0 2 Note:

2 b 0 0 2 2 2 2 0 Thém cot
cho dén khi

3 C 2 2 0 0 2 2 0 chi con 1

4 d 2 2 0 0 0 2 2 hang trong
tap hang R

5 e 2 2 2 0 0 0 0 ap hang

6 f 0 2 2 2 0 0 0

7 g 2 0 0 2 0 0 0

Hat giong : Rectangle: ({1,2,56},{3) V(R,C)=8-8-1 =-1
Thém coét 4. Rectangle: ({1,2,6},{3,4}) VIRC)=12-6-2=4
Thém coét 5: Rectangle: ({1,2},{3,4,5}) V(R,C)=12-4-3=5
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PING-PONG Algorithm (11/13)

 Bwérc 5: Lap lai buwdc 3 nhuwng hoan vi gitra cot va
dong = chon rectangle tot nhat

1 2 3 4 5 6 7
YY) ]
1 a 0 0 2 2 2 0 2 Note:
2 b 0 0 2 2 2 2 0 Thém cot
cho dén khi
3 C 2 2 0 0 2 2 0 chi con 1
4 d 2 2 0 0 0 2 2 hang trong
tap hang R
5 e 2 2 2 0 0 0 0 ap hang
6 f 0 2 2 2 0 0 0
7 g 2 0 0 2 0 0 0

Hat giong : Rectangle: ({1,2,5,6}.{3})
Thém coét 4: Rectangle: ({1,2,6},{3,4})
Thém coét 5: Rectangle: ({1,2},{3,4,5})
Thém coét 7. Rectangle: ({1},{3,4,5,7})

s> N 5
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V(RC)=8-8-1 =-1
V(R,C)=12-6-2=4
V(R,C)=12-4-3=5
V(RC)=8-2-4 =2
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PING-PONG Algorithm (12/13)

 Bwérc 5: Lap lai buwdc 3 nhuwng hoan vi gitra cot va

dong = chon rectangle tot nhat
1 2 3 4 5 6 7

~N o o b~ w N R

-~ O QO O T
N O DN NN N O O
OO NN DN N N O O
O NN N O O N D
N N O O O N DN
O O O O NN NN DN
O O O N N N O
O O O N O O DN

g

Hat giong : Rectangle: ({1,2,5,6}{3) V(RC)=8-8-1 =-1
Thém cét 4. Rectangle: ({1,2,6},{3,4}) VIRC)=12-6-2=4
Thém cot 5: Rectangle: ({1,2},{3,4,5}) V(R,C)=12-4-3=5 = chon
Thém coét 7. Rectangle: ({1},{3,4,5,7}) VIRC)=8-2-4 =2
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PING-PONG Algorithm (13/13)

« Buwérc 6: Néu rectangle duwoc chon & budc 3 khac voi
¢ bwdce 5 thi lap lai qua trinh. Ngugc lai do la
rectangle can tim

1 2 3 4 5 6 7
1 a 0 0 2 2 2 0 2 Note:
2 b 0 0 2 2 2 2 o  Neulaplai,
chon seed row
3 ¢ 2 2 0 0 2 2 0 la 1 hang trong
4 d 2 2 0 0 0 2 2 rec{angle tot
5 e 5 5 5 0 0 0 0 nhat hién tai
6 f 0 2 2 2 0 0 0
7 g 2 0 0 2 0 0 0

— Két thuc! Rectangle can tim: ({1,2},{3,4,5})
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Content
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Generating Prime Rectangle (1/2)

GENERATE_RECTANGLES(M):
{

Tim tat ca céc trivial rectangle va lwu trir lai;
rect = new rectangle;
RECTANGLEL(M, 0, rect);

» M0i prime rectangle twong &ng v&i mot cap kernel —
cokernel cia ham ban dau
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Generating Prime Rectangle (2/2)

RECTANGLE1L ( M, index, rect):
{
for ( méi cot c cia M) {
if (¢ c6 =2 phan tir va c.index = index ) {
M1 = new matrix;
for( méi phan t& p trong cot ¢ )
copy hang twong wng voi p trong M vao M1;

rectl = new rectangle;

CoOt cua rect1 € cOt cua rect;

Hang cua rect1 twong trng v&i cac phan tir cua c trong M;

if (cac index cua tat ca cac cot toan 1 trong M1 = c.index ) {

Xoa cac cot toan 1 trong M1 va thém vao rectl;
Lwu rectl trong vao tap cac prime rectangle;
RECTANGLE1(M1, c.index, rectl);

}
}
}
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Rectangle Algorithm (1/4)

F=a.b.c.d.g+a.b.c.dh+a.b.ce+ab.cf+a.b.i
Ma tran cube-literal:

1 2 3 4 5 6 7 8 9
1 1 1 1 1 0 0 1 0 0
2 1 1 1 1 0 0 0 1 0
3 1 1 1 0 1 0 0 0 0
4 1 1 1 0 0 1 0 0 0
5 1 1 0 0 0 0 0 0 1

Goi RECTANGLEL (M, 0, rect)

— Xet cot 1: voi 5 hang bang 1 (= 2) va c.index = 0 = tao ma tran méi M1 dwoc
gan bang M. Tao rectangle m&i rectl véi gia tri khéi tao ({1,2,3,4,5}, {1})

— C6t 2 clia M1 c6 tat ca cac hang bang 1 = thém vao rectl
= prime rectangle ({1,2,3,4,5}, {1,2})

Kernel (cokernel) twong ing: c.d.g+ c.d.h +c.e + c.f+i(a.b)
41
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Rectangle Algorithm (2/4)

F=a.b.cdg+ab.c.dh+a.b.c.e+ab.cf+a.b.
Goi dé quy RECTANGLEL (M, c.index, rect) v&i M nhw sau:

3 4 5 6 7 8 9

O » W N P
(= I N S N
©O O O R -
©O O Fr OO
O r O O O
©O O O o K
©O O O, O
P O O O O

c.index =1, rect = ({1,2,3,4,5},{1,2})

— Xet cot 3: voi 4 hang bang 1 (= 2) va c.index = 1 = tao ma tran méi M1 dwoc
gan bang M bo di hang 5. Tao rectl dwoc gan gia tri ({1,2,3,4}, {1,2})
— C6t 3 ciia M1 c¢6 tat ca cac hang bang 1 = thém vao rectl
= prime rectangle ({1,2,3,4}, {1,2,3})
Kernel (cokernel) twong ing: d.g+d.h+ e +f(a.b.c)
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Rectangle Algorithm (3/4)

F=a.b.cdg+ab.c.dh+a.b.c.e+ab.cf+a.b.
Goi dé quy RECTANGLEL (M, c.index, rect) v&i M nhw sau:

4 5 6 7 8 9
1 1 0 0 1 0 0
2 1 0 0 0 1 0
3 0 1 0 0 0 0
4 0 0 1 0 0 0

c.index = 3, rect = ({1,2,3,4},{1,2,3})

— Xet cot 4: voi 2 hang bang 1 (= 2) va c.index = 3 = tao ma tran méi M1 duwoc
gan bang M bod di hang 3 va 4. Tao rectl dwoc gan gia tri ({1,2}, {1,2,3})

— C6t 4 clia M1 c6 tat ca cac hang bang 1 = thém vao rectl
= prime rectangle ({1,2}, {1,2,3,4})

Kernel (cokernel) twong wng: g + h (a.b.c.d)
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Rectangle Algorithm (4/4)

Q,uay Iai,goi‘dé quy RECTANGLE1 cho coOt tho 2, chi
sO cOt bat dau bang 0, M |la ma tran ban dau

1 2 3 4 5 6 7 8 9

ga b~ w NP
e N N
N N
O R KB P P
©O O O R -
©O O Fr OO
O O O O
©O O O o K
©O O O L, O
P O O ©O O

Goi RECTANGLEL (M, 0, rect)

— Xét cot 2: tat ca cac hang bang 1 (2 2) va c.index 2 0 = tao ma tran méi M1
dwoc gan bang M. Tao rectl dwoc gan gia tri ({1,2,3,4,5}, {2})

— C6t 1 clia M1 c6 tat ca cac hang bang 1,

tuy nhién index < c.index (diéu kién dirng dé quy) = dirng giai thuat
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