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Multilevel logic optimization

* Goals
* Methodology
» Algebraic optimization method
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Goals

+ F=AC+AD+BC+BD+E
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Goals
» Representation of the Boolean function
* Optimal
— Area
— Speed
— Testability

— Power dissipation




Methodology

*  How to optimize
Re-write logic functions using logic operations
1. Decomposition
2. Extraction (decompose multiple functions)

» Find optimal intermediate functions (area,
delay,..)

3. Factoring

* Find a factored form with min number of literals
4. Substitution
5. Elimination

Methodology

» Decomposition
A single function => a collection of new functions

F = ABC + ABD + AC'D’ + B'C'D’ (12 literals)
= F=XY+XY (4 literals)

X =AB
Y=C+D

Methodology

» Extraction
Identify common expressions
F=(A+B)CD+E (11 literals)

G=(A+B)E
H = CDE
= F=XY+E (7 literals)
G=XF’
H=YE
X=A+B
Y=CD

Methodology

» Factoring
2-level function => multi-level function
F=AC+AD +BC +BD + E (9 literals)

=F = (A+B)(C+D) + E (5 literals)
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Methodology

+ Substitution
rewrite F in terms of G and its original inputs
F=A+BC (5 literals)
G=A+B

= F=GA+C) (4 literals)
G=A+B

Methodology

» Elimination
Inverse operation of substitution
F=GA+GB (4 literals)
G=C+D

= F=AC +AD +BC'D’ (7 literals)
G=C+D

“division” plays a key role in all of these (except elimination)

Example

Restructuring Problem: Given initial network, find best network.

Initial network: f, =abcd+abce+ab’cd’+ab’c’d’+a’c+cdf+abc’d’e’+ab’c’df’

f,=bdg+b’dfg+b’d’g+bd’eg

minimizing,
f, = bcd+bcf+b’cd’+a’'c+cd’e+abe’d’e’+ab’c’df’
f,= bdg+dfg+b’d’'g+d’eg
factoring,
f, = c(d(b+f)+d’(b’+e)+a’)+ac’(bd’e’+b’df’)
f,= g(d(b+f)+d’(b’+e))
decompose,

f, = c(x+a’)+ac’x’
f,=gx
x = d(b+f)+d’(b’+e)
Two problems:
» find good common subfunctions
* how to do division

Algebraic optimization method l

« Division
— Logic division
— Algebraic division
— Kernels and algebraic divisors
— Computing kernels




Division l Division
* Logic division » Logic division f=pqg+r
Givenf, p ,_>E1 _____ 2(_2 _____ >_(§_____f ______ p_ _____9___ [\
Findg,r:f=p-q+r 0 0 0 1 1.
“Division of f by p generating quotient g and remainder r” ,_(_) ______ 0_ - ____1 _____________________
r 0 1 0 1 1 13
Ifrisnull , pis called a factor (Boolean factor) (1 s S 1 ...~ Toop 1 1.
If ris not null, p is called a divisor (Boolean divisor) 1 0 0 1
1 0 1 1
q, r unique ??? 1 1 0
1 1 1
13
DIVISlon So many factors, how to DIVISlon
optimize ?
* Logic division f=pg+r q,rnotunique » Logic division f=pq+r
X1 X2 X3 f p q r X1 X2 X3 f p=X1'X2 | q=Xx3 r
0| 0 ] "o [ 1T S T o | 0 ] o0 [ 1T 1
0 0 1 0 0 1 1
0| 177770 [ 177 R ro | 177770 [ 17 1T \
(SN I I R 1. (Y N DR 1. o | R 177 1 [ 7717
1 0 0 1 1 0 0
1 0 1 1 1 0 1 1
1 1 0 1 1 1 0
1 1 1 1 N 1 1 1 1




Division l Division l
* Logic division f=pqg+r g, r unique » Algebraic division
=X1'X2 =X3

,_)51 _____ 2(_2 _____ )_«E_____f___ i (_]_______':\ p is orthogonal to q, p_Lq, if sup(p) N sup(q) = S
0 0 0 1 jL 1 (p = ab’+ ¢, then sup(p)={a,b,c})
r_? ______ Q_____j __________ /‘ _______j_______\ ex. p=at+b g=c+d, thenp Lq
+ 0 1 0 1 1 1.
1 0 1 1 1 ] {1 10 Jh,r:f=gh+r where h=0andglh

1 0 0 / L => g is an algebraic divisor of f

1 0 1 1

1 1 0 Quotient h = f/g is unique

1 1 1 ‘ 1 ; 18

Division l Division l

» Algebraic division » Algebraic division

— Computing quotient — Computing quotient
Given f, g are lists of cubes — example

f={b;, by, ..., by } f =abc + abd + de

g={as, a, ..., g } g=ab +e
Define

hi = {CJ | a, . C] € f} y V i=1,2,...,|g| h1={C ,d} s h2 ={d}

h; is all multipliers of the cube a; producing b, h=flg=h, N h,={d}
Then

h=flg=h;n h,n..Nhg f=(ab+e)d + abc
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Division

+ Kernels and algebraic divisors
Situation
f = abc + abde => optimal multiple levels ?
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Division ‘

» Kernels and algebraic divisors
minimizing
f=a(bc + bde)
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Division ‘

» Kernels and algebraic divisors
Solution
f=ab(c + de)

Standard cells
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Division I
» Kernels and algebraic divisors

Solution
= alo + ey kemel |
g, cokernel (cubes) j

» Primary divisors of f = P(f) ={f/c| c is a cube}
» A function g is termed cube-free if the only cube that
divides g evenly is 1
* Kernel of f = K(f)={k| k € P(f), k is cube-free}
Ex. f=abc + abde
fla=bc + bde is a prime divisor but not cube-free
f/(ab)=c + de is a kernel

24
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Division

*  Computing kernels
KERNELS(f) {
c; = largest cube (max number of literals) factor of f;
K=KERNEL1(0,f/c));
if (fis cube-free) return (f UK);
return(K);
}

KERNELL1(j,9) {
R=g;
N=Max index of variables in g;

if (I in 1 or no cubes of g) continue;

c = largest cube dividing g/l; evenly;
if (for all k<i, I, ¢c) R=R UKERNEL1(i,g/(;nc));
}
Return(R);
} 25
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Division

*  Computing kernels
— Example 2
f = adf + aef + bdf + bef + cdf + cef + g
Kf)=R=7?

*A kernel may have
many co-kernels.

*Co-kernel can be the
trivial cube 1.

f = (atb+c)(d+e)f + g

Table 1 Kernels and Co-Kernels of (a + oid + e}f + g

Kernel Co-Kernel Level
a+b+c df, ef ]
d+e af, bf, cf 0
@+ b+ cid + e f 1
fa+b+alid+e)f+g 1 2
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Division

Computing kernels
— Example 1
f=abcd + abce + abef Kf)=R=7?
¢ =ab
flcc=g=cd+ce+ef ,R={cd+ce+ef}
Lexical ordering: a, b, c, d, e, f
a,b ¢ {cd, ce, ef}, repeat step 3
g/c =d + e e P(f) & cube-free
R={cd +ce +ef,d + €}

6. repeatstep 3
ResultR={cd +ce +ef,d+e,c+f}

aoroob =

N

26
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Computing kernels
— Example 3
p
)
T 1 T T T T
=] L a c d ]
(a)
x =b cd +acd +ace'+de f+ce' f+bc
co—kernel | kernel
e’ f c +d
c e’ a +f
ac e +d’
= ad +ae +a' f
(=3 b"d" + b
o’ b'c +ac
a’ ac+df+cf
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Algebraic optimization method l

» Algebraic method for logic operations
— The basic of algebraic optimization method
— Factoring
— Extraction
— Extraction and resubstitution
— Resubstitution with complement
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Algebraic method - logic operations‘

» The basic of algebraic optimization method
Meaning

» The theorem is used to detect if two or more expressions
have any common algebraic divisor than just the single
cubes.

If ki M kg is nontrivial =>found a good common algebraic
divisor to consider during logic optimization.

If ke " kq is @ or trivial => need only look for divisors
consisting of single cubes.
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Algebraic method - logic operations‘

* The basic of algebraic optimization method
Theorem

f and g have a nontrivial common divisor d (ie. d is not
a cube) iff there exist kernels k; € K(f) and k, € K(g)
such that k; n kg, is nontrivial with 2 or more terms (not
acube).

f = aetbe+cde+ab, g = ad+ae+bd+be+bc

ki ={a+b+cd} , kg ={a+b}

ki N ky ={a+b+cd} n{a+b} = {a+b}

=> (a+b) is a nontrivial common algebraic divisor for f and g
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Algebraic method - logic operations‘
» Factoring

GFACTOR(f)

{
if (number of terms in fis 1) return(f);
g = CHOOSE_DIVISOR(f);
(h,r)=DIVIDE(f,g);
f= GFACTOR(g) - GFACTOR(h) + GFACTOR(r);
return(f);

*CHOOSE_DIVISOR
chooses a factor

«Critical to obtaining
a good factorization.
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Algebraic method - logic operations‘

» Factoring
f=actad+ae+ag+bct+bd+be+bf+ce+cf+df+dg

Single-cube factors:
f=a(ct+d+e+g) + b(ctd+e+f) + c(e+f) + d(f+g)

Multiple-cube factors:
f=(c+d+e)(a+b) + f(b+c+d) + g(a+d) + ce

Algebraic method - logic operations‘

» Extraction and resubstitution (2)

Cac cube chung dwoc phan tach theo cach sau:
— Chon 1 cap cac cube ¢; €, ¢, € f;voii=jsaochoc,Nc,
chira so bién 2 2. Néu khong ton tai cap (¢, ¢,) 2 dirng.
— Tao bién méi x cho ¢, N ¢,
— Céap nhat lai cac ham f; véi bién mai tao
Murc (bac) cua 1 kernel
— Kernel mirc-0: kernel khdong chira cac kernel khac.

— Kernel mire-N: kernel chira it nhat 1 kernel mire-(N-1) va
khéng chira kernel nao thuéc mirc = N
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Algebraic method - logic operations‘

» Extraction and resubstitution (1)

Cach xac dinh cac cube-tu-do xuét hién trong
nhiéu ham cla tap {1}

— Sinh céac kernel ctia méi ham f;

— Chon mét cap cac kernel &, € K(f)) va k; € K1) trong do i=j
sao cho k, m k, khdng phai la 1 cube. Néu khong ton tai
cap (k;, k;) = ding

— Tao bién méi v cho k, M k,

— Cap nhét lai ham lién quan

fi=v. i/ k) +
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Algebraic method - logic operations‘

» Extraction and resubstitution (3)

+ Cho 2 ham
X=ab.(c(d+te +f+tg +h
Y=ai(c(d+e) +f+)) +k
» Xac dinh cac cube-tw-do trong 2 ham
d + ela kernel mirc-0 cho 2 ham Xva Y

Extraction | L=d + e
) < X=ab(cL+f+g +h

Y=ai(cL+f+)) +k 36




Algebraic method - logic operations‘

» Extraction and resubstitution (4)
kl = (c.L + f+ g): kernel-mlc 0 cla ham X
k2 = (c.L + f+ j): kernel-mirc O clla ham Y
kINnk2=cL+f
M=cL+f
L=d+e
X=abM+g +h
Y=ai(M+j)+k
Xva Y khoéng con cac kernel k;, k, ma k, N k,
khéng phai la 1 cube

-
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Algebraic method - logic operations‘

» Resubstitution with complement

« Phan tich thira sb va tai thay thé dai s co thé
dwoc thwe hién véi phan bu cla wéc sb cho
trwéc

* VD: f=ab+ac+b.cd
— Tachon b + ¢ la kernel mire-0 cla fva phén ra fthanh

f=aX+b.c.d
X=b+c
— Ta kiém tra phan bui cla bién m&i tao la mét wée sb dai sb
clia ham. Khi dé
f=aX+Xd
X=b+c
39

Algebraic method - logic operations‘

» Extraction and resubstitution (5)

« Phan tach cac cube chung gilta 2 ham
Cube a.b.M clia X va a.i.M cta Y ¢ 2 bién chung
N=aM
M=clL+f
[— L=d+e
X=b(N+tag) +h
Y=i(N+aj)+k
Néu thay thé L vao M, M va N, ta thu dugc
N=a.(c(d+e +))
X=b((N+ag) +h

Y=i(N+aj)+k %




