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Digital Logic Design 1
Arithmetic

E Binary Addition

* Binary numbers are added like decimal
numbers.

* In decimal, when numbers sum more than 9 a
carry results.

¢ In binary when numbers sum more than 1 a
carry takes place.

¢ Addition is the basic arithmetic operation used
by digital devices to perform subtraction,
multiplication, and division.

Representing Signed Numbers

» Since it is only possible to show
magnitude with a binary number, the sign
(+ or -) is shown by adding an extra
“sign” bit.

» A sign bit of 0 indicates a positive number.

» A sign bit of 1 indicates a negative
number.

e The 2's complement system is the most

commonly used way to represent signed
numbers.

Introduction

 Digital circuits are frequently used for arithmetic
operations

* Fundamental arithmetic operations on binary
numbers and digital circuits which perform
arithmetic operations will be examined.

N
Binary Addition
*«0+0=0
e 1+0=1
e 1+1=0+caryl
el+l1+1=1+caryl
« E.g.:
1010 (10) 001 (1)
+1100 (12) +101 (5)
10110 (22) +111 (7)
1101 (13)
oy
dce| . .
Representing Signed Numbers
* So far, numbers are assumed to be unsigned (i.e. positive)
* How to represent signed numbers?
« Solution 1: Sign-magnitude - Use one bit to represent the
sign, the remain bits to represent magnitude
+27=0001 1011 b v e o
-27= 10011011 b Teve
— Problem: need to handle sign and magnitude separately.
* Solution 2: One’s complement - If the number is
negative, invert each bits in the magnitude
+27 =0001 1011 b
-27= 11100100 b
* Not convenient for arithmetic - add 27 to -27 results in
oy 11111111,
Q — Two zero values B
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Representing Signed Numbers

« Solution 3: Two’'s complement - represent negative
numbers by taking its magnitude, invert all bits and add

one:
— Positive number +27 = 0001 1011b
— Invert all bits 1110 0100b
- Add1 -27 = 1110 0101b
27 o8 o0
¢ Unsigned number ‘
27 o6 20

¢ Signed 2's complement ‘ s |

|x:be_12N_l +£;N_22"V_2 t+ee o+b12' +b(120

Why 2’s complement representation?

If we represent signed numbers in 2's complement form,
subtraction is the same as addition to negative (2's
complemented) number.

27 00011011 b
-17 00010001 b
+ 10 0000 1010 b

+ 2700011011b
+-1711101111b
+ 100000 1010 b

Note that the range for 8-bit unsigned and signed
numbers are different.

8-bit unsigned: 0 ...... +255

8-bit 2's complement signed number: =128 h

Representing Signed Numbers

* Inorder to change a binary number to 2’s
complement it must first be changed to 1's
complement.

— To convert to 1's complement, simply change each bit to
its complement (opposite).

— To convert 1's complement to 2's complement add 1 to
the 1's complement.

¢ A positive number is true binary with 0 in the sign
bit.

¢ A negative number is in 2's complement form with 1
in the sign bit.

* A number is negated when converted to the opposite
sign.

« A binary number can be negated by taking the 2’s
complement of it.

Examples of 2's Complement

¢ A common method to represent -ve numbers:

— use half the possibilities for positive numbers and half
for negative numbers

— to achieve this, let the MSB have a negative weighting
¢ Construction of 2's Complement Numbers
— 4-bit example

Dhecinmal 2's Conmplement (Signed Binary)
-5 4 2 +1
5 0 1 1] 1
-5 1 0 1 1
7 a 1 1 1
-3 1 1 0 1

dce] _
Comparison Table
« Note the "Wrap- Unsigned | Binary | 2’ comp
7 0111 7
around" effect 6 0110 6
H 5 010 5
of the blnary N 0100 N
representation 3 0011 3
) 2 0010 2
—i.e. The top of the 1 0001 1
table wraps o o000 0
around to the 11 1110 )
bottom of the 13 1101 3
tab|e 12 1100 -1
11 1011 -5
10 1010 -6
9 1001 -7
. 8 1000 3

C

dce|
Addition in the 2's Complement System

e Perform normal binary addition of magnitudes.
¢ The sign bits are added with the magnitude bits.

< If addition results in a carry of the sign bit, the
carry bit is ignored.

< |If the result is positive it is in pure binary form.

e |If the result is negative it is in 2's complement
form.
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Addition in the 2's Complement System

« Perform normal binary addition of magnitudes.

Y = 0100l + = 0 1001
+H = 0 0100 4 - 1] 1100
e TIUT - (13 /} 0] 0IDT  (+5)
T Sign bit Don’t care carry T Sign bit
B iy 1 1001 o =% 111001
+ 0, 0100 4 = 11 1100
T TO0TT  (-5) I700TT  (-13)
Don’t care camy ’ .
T Sign bit T""‘S” bit
+ - 0 1001
49 = 10111
/ o] 0000 {0y
l.“.i Don't eare canry Tsigu bt _

Multiplication

* In decimal, multiplying by 10 can be achieved
by
— shifting the number left by one digit adding a zero at
the LS digit

¢ In binary, this operation multiplies by 2

¢ In general, left shifting by N bits multiplies by 2N
— zeros are always brought in from the right-hand end

- E.g.
Binary | Decimal
1101 13
11010 26
o 110100 52
dee] Summary of Signed and Unsigned Numbers
Unsigned Signed
MSB has a positive value (e.g. +8 | MSB has a negative value (e.g. -8
for for
a 4-bit system) a 4-bit system)
The carry-out from the MSB of an | To avoid overflow in an adder,
adder can be used as an extra bit | need to sign extend and use an
of the answer to avoid overflow adder with one more bit than the
numbers to be added
To increase the number of bits, To increase the number of bits,
add zeros to the left-hand side sign extend by duplicating the
MSB
Complementing and adding 1 Complementing and adding 1
converts X to (2N - X) converts X to -X
[ o

Subtraction in the 2's Complement System

* The number subtracted (subtrahend) is negated.
* The result is added to the minuend.
* The answer represents the difference.

» If the answer exceeds the number of magnitude
bits an overflow results.

9 - 0] 1001
+8 — 01000
T7 0UUT
T Sign bit

Binary Division

» This is similar to decimal long division.

» Itis simpler because only 1 or O are possible.

» The subtraction part of the operation is done
using 2's complement subtraction.

« If the signs of the dividend and divisor are the
same the answer will be positive.

« If the signs of the dividend and divisor are
different the answer will be negative.

B BcD Addition

*  When the sum of each decimal digit is less than
9, the operation is the same as normal binary
addition.

* When the sum of each decimal digit is greater
than 9, a binary 6 is added. This will always
cause a carry.

47 0100 0111 - 47 BCD
+35 + 0011 0101 - 35 BCD
82 0111 1100 — invalid
+ I& 0110 - +6
1000 0010 — valid
”~
") .
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Hexadecimal Arithmetic

¢ Hex addition:
— Add the hex digits in decimal.
— If the sumis 15 or less express it directly in hex
digits.
— If the sum is greater than 15, subtract 16 and carry 1
to the next position.
¢ Hex subtraction — use the same method as for
binary numbers.
¢ When the MSD in a hex number is 8 or greater,
the number is negative. When the MSD is 7 or
less, the number is positive.

Arithmetic Circuits

« Typical sequence of operations:

— Control unit is instructed to add a specific number
from a memory location to a number stored in the
accumulator register.

— The number is transferred from memory to the B
register.

— Number in B register and accumulator register are
added in the logic circuit, with sum sent to
accumulator for storage.

— The new number remains in the accumulator for
further operations or can be transferred to memory
for storage.

E Parallel Binary Adder

¢ The A and B variables represent 2 binary numbers to
be added. The C variables are the carries. The S
variables are the sum bits.

8y By By 4 By Addand bits
from B register
oy c, c, G c o
-] -— .—f f— I o
FA Fa FA Fa addor
" " " " "o
[5 y& JS: fs {q:
Augend bits
Ay Ay Ay Ay Ag from A register

Sum appears &l Sy, 5. S, 54, Sy outputs.

Arithmetic Circuits

An arithmetic/logic unit
(ALU) accepts data

1
1
1
stored in memory and ey || ¢ v ! g
executes arithmetic win | f curuts : sirds
and logic operations as l
instructed by the ¢ B register !
control unit. et :
AsitheneticAogic unit
& J—
Binary Addition
« Recall the binary addition process
A1001
+ B0O11
S1100
¢ LS Column has 2 inputs 2 outputs
— Inputs: A0 BO
— Outputs: SO C1
¢ Other Columns have 3 inputs, 2 outputs
— Inputs: An Bn Cn
— Outputs: Sn Cn+1l
— We use a "half adder" to implement the LS column
— We use a "full adder" to implement the other columns
— Each column feeds the next-most-significant column.
¢!

~
ed

E Half Adder

e Truth Table A B g c

0 0 0 0
0 1 1 0
1 0 1 0
1 1 0 1

» Boolean Equations §_ A+ AB=A®B

C=AB
* Implementation

A — ©
B

— Note also XOR implementation possible for S

LTI TIE
| .
o
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mFuII Adder

e Truth Table g asena cary | 1 sum | cony
&1 bt bit bit bit *

tnput | input | ingut | | cutput | output

A | B |Cull S | Cou
[ [ L2 R FA
o [ 1 1
o 1 o 1 0 Co
o 1 1 a 1 h
1 o 0 1 0
1 o 1 [ 1 T
1 1 ] L] 1 A
1 1

1 1 1
* Boolean Equations
§=ABC;+ABC; + ABC; + ABC;
=A®R®C;
C, = ABC; + ABC; + ABC; + ABC,

= AB+ AC; + BC;

& =AB+C;(A+ B)

E Full Adder from Half Adders

« Truth Table ;‘—
[|

1
« Boolean Equations

Hali-adder Half-adder

4
e
w

Input A @ B

&)

™ Complete Parallel Adder With Registers

* Register notation — to indicate the contents of a register
we use brackets:
[A]=1011 is the same as A;=1, A,=0, A;=1, A=1
« Atransfer of data to or from a register is indicated with
an arrow
— [B]>[A] means the contents of register B have been
transferred to register A.
¢ [Eg.: 1001 + 0101 using the parallel adder:
— t1:ACLR pulse is applied
— t2:1001 from mem-> B
— 13:1001 + 0000 -> A
— t4:0101 from mem->B
— t5: The sum outputs -> A
— The sum of the two numbers is now present in the accumulator.

& |

Circuitry for a full adder

Fa

ﬂ |

E Parallel Adder

¢ Uses 1 full adder per bit of the numbers
* The carry is propagated from one stage to the next
most significant stage

— takes some time to work because of the carry propagation delay
which is n times the propagation delay of one stage.

As B '\I B
| |
) R [ e B
A BG, \ B G,
o CanabiieT
(MSB) £, L, 2y (LSBY

1 1 ' !
I IR IR

l -

B, B, 8, B,

. N M .
Cu—] o
—
5 5, |

Lok LK —heix F —{hCLK A rogistar
CLA CLA CLR CLR
CLEAR i i ‘ I
Accumuiatoe ouputs 7
il |
” [ [
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E Carry Propagation

« Parallel adder speed is limited by carry
propagation (also called carry ripple).

¢ Carry propagation results from having to wait
for the carry bits to “ripple” through the device.

¢ Additional bits will introduce more delay.

¢ Various techniques have been developed to
reduce the delay. The look-ahead carry
scheme is commonly used in high speed
devices.

& |

Bl Parallel adder used to add and subtract numbers
in 2's-complement system
Fram A register
2's-complement Az Az A 'q".
representation of =3 (augend)
T 1 ) 1
1 4-bit 0
| paralie! adder -
[ 7405283
» R & ke b
(addend)  1__ _U.T_‘W :I 0 L l " I l
aalt . »
B; B; By By L _0_ EJ_ ..1 = _‘_ (resultant sum)
q From E;r.egls[er
"] T

E@ Parallel adder/subtractor using the 2’'s-
complement system

Woo

L

ADD =1,SUB=0:
B register passes to adder
and Carry in=0

5uB

.|

ADD=0,SUB=1:

Complement of B register “=— ' % e .
passes to adder and Carry I | i
in = 1 oL . (=13 5 I ‘_“ll | L.NK

[ o T | | |~—I=‘=H

Q

Integrated Circuit Parallel Adder
¢ The most common parallel adder is a 4 bit device with 4
interconnected FAs and look-ahead Carry circuits.
« Parallel adders may be cascaded together as shown to
add larger numbers Bbit augend
Ay Ay Ay Ay By Ay Ay A-,
Wb
Aade Mo Inm;‘::??sdor) 4& m*-?::?ff:w:- —Co
b
e e e ([T
pltrebees s ol L S LR T
11 Tt Bebit addend
l l By By B B | |
Hie I Ee ;
Bl B X B I

'@ ___ e

@ 2’s Complement Addition using 1’s Complement
Operands
Parallel adder used to perform subtraction (A — B) using the 2's-

complement system. The bits of the subtrahend (B) are inverted
(1's complement), and C, = 1 to produce the 2's complement

Ay Ay Ay Ay ] From A register

2222

4-bit
Cs - parallel adder -—— Cp=1
(disregard) 74L5283

o TIT ]

outputs of -{ éa B. Ei, Ea
B register

I 5

¥, L]} Represents DIFFERENCE
: output

Inpata Function Table
[ Ay #—
Ay —i 8 8; 5 Cparation Comments
A1 A e—o Crtpute 0 0 0 ||CLEAR FaFaF4Fo= 0000
LAy &— ——eF,) o 0 1 B minizs A
—er | 0 1 0 ||AmausB }N“‘“C'i=‘
[ By, —ig | oF, o o1 1 Aplus B Neads Cy, =0
o{®e— ey [ 251 B e
By — 110 AB AND
o 1 1 1 PRESET FyFF Fym 1111
Cy Ot e .,
Notes. S inputs select operalion.
OVA = 1 for signed-number averfiow
[ OVR ]
p—s OVI
81 : =r ALUs can perform
ALU different arithmetic and
logic functions as
A = 4:bit input number F = 4:b4t output number determined by a binary
B = 4-bit iInput number Ciy,q = caay out of MSE position .
= caryinio LSB position  OVR = cvertlow indicatos code on the function
S = 3-bit operation select inputs .
— select inputs.
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= Two 74HC382 ALU chips connected as an = Troubleshootlng Case Study
eight-bit adder
By By By B, By By B, B,

Ay Ay Ay Ay Ay by Ay Ay * Read the case
study in the text
and determine the

- t most likely fault in
' SLSL._:J\ BB B A 3 a]'._s:_l._s:'s;_ By Ag Ag Ay Ay the circuit ShOWn,
e l i ‘_‘ given the test
results described.
Cna OVA |z Cys OVA P i
| J I

Motes:  Z1 acds krwar-order bita
Z2 adids highar-crtar bits.

oy Er-X, = Bit sum
e, OVR of 27 is B-b4 overfiow Indicator, '
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