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Abstract

We specify an algorithm to enumerate a minimum complete set of com-

binatorially non-isomorphic orthogonal arrays of given strength, run-size,

and level numbers of the factors. We consider the classification of arrays

according to several criteria of practical interest, differentiated according

to the strength of the arrays. We exemplify classification using several

series of mixed arrays, and we propose to discard arrays that are inadmis-

sible according to the criteria.

KEY WORDS: Experimental Design; Non-Isomorphic Designs; Estima-

tion Capacity; Minimum Forbidden Subconfiguration; Mixed Array

1 Introduction

In scientific experimentation, scientists may want to investigate the joint effect

of several factors on the properties of some product or process. Frequently,

there is an extensive list of candidate factors, of which only a few turn out

to be active. When interactions between the active factors can be considered
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negligible, it makes sense to estimate the main effects with an orthogonal array

(OA) of strength 2. Formally, an OA of strength t is an N ×n matrix whose ith

column contains si different factor-levels in such a way that for any t columns,

every t-tuple of levels appear equally often in the matrix (Rao 1947). Thus,

in arrays with t = 2, for any factor A, all possible levels of any other factor

appear equally often at each of the levels of A. As a consequence, the main

effect of any factor can be deduced from the corresponding set of si means of

the experimental results. This property follows only if interactions are indeed

negligible. Otherwise, the means could be distorted by a particular combination

of two other factors, and it is hard to disentangle the main effects from the 2-

factor interactions.

OAs with t = 3 could be used fruitfully if there are a few substantial inter-

actions between the experimental factors, while their identity is not known in

advance. Contrary to the t = 2 case, the estimates of the main effects are not dis-

torted by interactions between other factors. However, estimates of interaction

components can be affected by the presence of other interaction components.

Indeed, such an OA does not have every level pair of factors appearing equally

often against every pair of settings of two other factors. In addition, the degrees

of freedom available for the estimation of interaction components may not be

sufficient to estimate them all simultaneously. So there could be a problem of

interpreting an active interaction component.

Finally, OAs with t > 3 have orthogonal interaction components. Thus,

they could be employed when many interactions are expected, at the cost of

an increased run size. We refer to Hedayat, Sloane, and Stufken (1997) for a

comprehensive acount on properties and constructions of orthogonal arrays.

At this point, it is convenient to introduce more terminology. We use the

notation OA(N ; s1, . . . , sn; t) for an OA of run size N , strength t, n factors, and

level numbers s1, . . . , sn. These features are collectively called the parameters

of an array. A mixed, or asymmetrical, array has not all its si equal. Pure, or

symmetrical arrays have equal level numbers for all the factors. It is convenient
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to use the notation sa
1sb

2 for arrays with a s1-level factors and b s2-level factors.

The subsets of s1-level and s2-level columns are called the sections of the array.

Finally, regular arrays have N = sp for some positive integer p. There are p

s-level basic factors, and the settings of the remaining factors can be calculated

by modular arithmetic from those of the basic factors.

Two arrays are said to be combinatorially isomorphic if one array can be

obtained by permuting rows, columns, or factor levels of the other array. It

would be highly desirable to have an enumeration method obtaining, for given

parameters, a minimum complete set of OAs. Such a set has a single represen-

tative for each isomorphism class. If the factors are all qualitative, one would

then have to choose the best array according to some optimality criterion, assign

the factors to the columns such that prior knowledge on the factor’s activities

is incorporated as good as is feasible, and to assign the factor levels to the sym-

bols in a column at random. For qualitative factors at more than two levels,

one would have to consider additionally the non-equivalent ways to assign factor

levels to the symbols, because the levels now are ordered.

An essential element in establishing a minimum complete set of OAs is in

proving that all of the arrays are indeed non-isomorphic to each other. The

problem is to avoid calculation of all possible permutations of rows, columns,

and factor-levels to map one array on another array. Clark and Dean (2001)

present an algorithm to test the equivalence of two-level arrays without having

to calculate all these permutations. The algorithm can be extended to cases with

factors at more than two levels, and indeed was used a such by Evangelaras et

al. (2005).

The enumeration in a minimum complete set of OAs was addressed by Chen,

Sun, and Wu (1993), Tsai, Gilmour, and Mead (2000), Xu (2002), and Sun, Li,

and Ye (2002). These papers differ in the specific arrays considered and in the

test of design isomorphism. Chen, Sun, and Wu (1993) is on symmetrical regular

designs. The authors considered all possible extensions of a q factor array with

an additional factor. For regular designs, there are a limited number of columns
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to choose from. Indeed, a two-level design with 2p runs has 2p − (p + 1) such

columns. The arrays with q + 1 factors are divided in groups according to the

word-length pattern. Groups of size ni > 1 were divided further in sub-groups

according to the letter pattern. Here, i indexes the groups. Sub-groups with size

nij > 1 are subjected to a complete isomorphism test, j indexing the subgroups.

Only one design for each isomorphism class is retained. In this way, the authors

were able to obtain a complete catalogue of all regular two-level designs of up

to 64 runs. The ideas from this paper were used by later authors to obtain

two-level designs with run-sizes up to 128 (Block and Mee, 2005), or three-level

designs with run-sizes up to 729 (Xu, 2005).

Tsai, Gilmour, and Mead (2000) study designs for quantitative factors. They

present a column-wise algorithm to obtain three-level designs of strength 2.

Thus, without loss of generality, the first two columns are given. The authors

then generate all columns that are orthogonal to the first column, and check

whether the new columns are also orthogonal to the second one. Each of the

retained columns forms an OA with the first two columns. The sets of three

columns are then divided over design families according to an approximation

of the mean As efficiency over all possible second-order models ignoring the

intercept. One member of each family is kept. The authors thus avoid extensive

isomorphism testing. Further factors are added in the same way as the third

factor.

Sun, Li, and Ye (2002) present an algorithm to construct all non-isomorphic

two-level designs of specified run-size and numbers of factors. The algorithm

starts with extending all non-isomorphic designs with q factors with an addi-

tional column in all possible ways. Then, the authors calculate for each exten-

sion an extended word-length pattern. They subsequently group the q+1-factor

designs. Within each group, they test for isomorphism using a newly developed

algorithm based on the concept of minimal column base.

Xu (2002) presents an algorithm to generate mixed arrays of small run size.

In his procedure new columns are added to an existing array by a random mech-
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anism. The new array is then tested for orthogonality. There is no extensive

isomorphism testing, the purpose being to construct small OAs of practical inter-

est. Finally, the author notes that a complete search of all possible column-wise

additions is computationally infeasible for N not small.

The purpose of this paper is to present a new algorithm to enumerate all

non-isomorphic arrays of a given set of parameters and to suggest classification

criteria bearing on suitability for practical applications. The algorithm is based

on general ideas from Kaski and Österg̊ard (2005). It handles mixed as well

as pure arrays. Isomorphism testing of pairs of arrays is avoided by retaining

only arrays of a specific canonical form. Further, adding complete columns

and checking afterwards the orthogonality to existing columns is circumvented

by element-wise addition of symbols and registers book-keeping all t-tuples of

symbols.

Classification criteria should reflect the different purposes of arrays that

differ in strength. We advocate some well-known criteria for strength-2 arrays,

and we propose some new criteria for arrays with strength 3 or strength 4.

The rest of this paper is organized as follows. The algorithm is discussed

in detail in Section 2. The discussion includes a check against cases known

from the literature. In Section 3, we propose methods to classify the arrays

obtained. We differentiate the classification according to the strength of the

arrays. Criteria are proposed that reflect the practical potential of an array.

If there are many arrays, we propose to discard those that are dominated by

others according to all of the criteria. The section includes the classification for

some series constructed with the algorithm. These include all combinatorially

non-isomorphic OA(18; 3a21; 2). Finally, there are some concluding remarks in

Section 4.
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2 Enumeration

The enumeration problem entails constructing a minimum complete set of OA

with given run-size, strength, and level numbers of the factors. No array in such

a set can be obtained from another array in the set by the joint operations of

permuting columns, permuting rows, and exchanging factor-levels. The set thus

does not contain combinatorially isomorphic arrays. Note that an OA can be

considered as a specific kind of combinatorial object. In this section, we review

general principles for algorithms that exhaustively generate all combinatorial

objects of some specified class and detail an algorithm specific to orthogonal

arrays. A worked example is given next. We end the section with tests against

known cases and an overview of some newly generated series.

2.1 Algorithm

Our proposed algorithm implements general principles from Kaski and Österg̊ard

(2005; henceforth KO) to the specific case of generating a minimum com-

plete set of OA(N ; s1, . . . , sn; t). We assume without loss of generality that

s1 ≥ s2 ≥ · · · ≥ sn. We also assume that an si-level factor uses symbols

0, 1, . . . , (si − 1). The task at hand is called isomorph-free exhaustive genera-

tion. An individual array can be considered as a representative of its isomor-

phism class. The complete class can be generated from any representative by

performing all possible permutations of rows, column, and factor levels. For con-

sidering an array to be used in statistical applications, these permutations are

immaterial. Row permutations just change the order of the runs, column permu-

tations change the names of the factors and level permutations, for qualitative

factors, change the labels. It is obviously sufficient to keep one representative of

each isomorphism class. KO suggest keeping the representative that has some

canonical form. We propose to keep arrays only if they are lexicographically

minimum in columns, according to Definition 1.

6



Definition 1. Consider two OA(N ; s1, . . . , sn; t), say, A1 and A2. Write

a1 and a2 for the N.n-tuples obtained by concatenating the columns of A1

and of A2, respectively. Let the elements of these tuples be denoted with

aij , i = 1, 2; j = 1 · · ·Nn. A1 is lexicographically less than A2, denoted A1 < A2,

if there is a k ≤ N.n such that a1j = a2j for j = 1 · · · k − 1 and a1k < a2k. A1

is lexicographically minimum in columns if no other array from its isomorphism

class is smaller.

Hereafter, we will omit the additional reference to the columns from the speci-

fications of lexicographical ordering.

The algorithm searches for lexicographically minimum arrays, the domain of

the search being all OA(N ; s1, . . . , sq; t) with t < q ≤ n, joined with the unique

OA(N ; s1, . . . , st; t) that is lexicographically minimum. The latter array will be

called the root node R. We also define a search tree to be a rooted tree whose

nodes are objects in the domain of the search. Two nodes are joined by an edge

if and only if they are related by one search step. This step is the extension

of a particular OA(N ; s1, . . . , sq; t) to an OA(N ; s1, . . . , sq+1; t). So the parent

and the child have q identical columns, and the child has an additional column

with sq+1 factor levels. We will denote with C(X) the set of all child nodes of

a node X and with p(X) the parent node of X.

The algorithm uses a depth-first traversal of the search tree. Consider a

node X. A pseudo-code description of a depth-first approach is:

1. depth first (X)

2. for all Y ∈ C(X) do

3. depth first (Y )

4. end for

As yet, the way C(X) is constructed from X is left open. We now consider

the part of the algorithm that extends an array X with q ≥ t columns to all
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Y ∈ C(X) with c = q + 1 columns. We denote the elements of the additional

column with vrc. A completed column, vc, is called a solution. A pseudo-code

description follows.

Extension algorithm. Input: X; output: C(X).

1. Let c := q + 1, and r := 1.

2. Without loss of generality, let v1c = 0 .

3. Procedure element addition(v1c, . . . , vrc)

4. if v1c, . . . , vrc is a solution, then

5. Append the solution to X.

6. Report X|vc.

7. end if

8. if r = N , then stop

9. If vrj = v(r+1)j for all j ∈ {1, . . . , (c − 1)}, then choose v(r+1)c from

{vrc, . . . , (sc − 1)}. Otherwise, choose v(r+1)c from {0, . . . , (sc − 1)}.

10. Check for each choice of v(r+1)c its compatibility with the strength t of

the array.

11. Collect compatible choices in the set Ar+1(v1c, . . . , vrc).

12. for all ar+1 ∈ Ar+1(v1c, . . . , vrc) do

13. element addition(v1c, . . . , v(r+1)c)

14. end for

15. end procedure

16. end algorithm
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The following theorem ensures that ρ(X) ∈ C(p(X)), where ρ(X) is the

canonical form of X, and p(X) is in canonical form.

Theorem 1 The extension algorithm produces nodes X for which ρ(X) ∈ C(p(X)),

if p(X) is in canonical form.

Proof. Consider the parent node p(X). A lexicographically minimum child

node must have v1c = 0. This is ensured by step 2. Step 9 prevents genera-

tion of an array that is lexicographically higher than is necessary. Otherwise, it

permits all possible choices of elements that are compatible with the required

strength. ¤

Suppose for the moment that we have a way of testing whether a node is lex-

icographically minimum. The algorithm considers C(X) only if X is indeed

of this form. So an array is augmented only if its parent has the canonical

form. KO call this way of generating the arrays orderly generation. Their The-

orem 4.20 states that if the orderly generation is implemented on a search tree

that satisfy two conditions, it reports exactly one node from each isomorphism

class of nodes. The conditions are (1) the search tree has nodes X for which

ρ(X) ∈ C(p(X)), and (2) for every nonroot node X in the search tree that is

in canonical form, p(X) is also in canonical form. Condition (1) is ensured by

Theorem 1 above. For condition (2), we note that the objects in the search

domain can be considered as N.n tuples over an alphabet of max{si} symbols

and the additional symbol ¦ for entries in columns yet undefined. The lexico-

graphical order of symbols from the smallest to the largest element is taken to

be 0, 1, . . . , max{si}, ¦. The lexicographic significance of a position in the tuple

is its order number. We rephrase Theorem 4.24 of KO as

Theorem 2 For every nonroot node x and for a search tree algorithm con-

structing N.n-tuples in order of lexicographic significance: if p(x) 6= ρ(p(x))

then x 6= ρ(x).
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By noting that our algorithm does construct the tuples in increasing order of

lexicographical significance, we see that Theorem 2 applies. Condition (2) above

is just the reversal of the implication statement in the theorem. We conclude

that the algorithm reports exactly one node from each isomorphism class of

nodes, and therefore, exactly one array of each isomorphism class.

It remains to be discussed how to test whether a node is lexicographi-

cally minimum. Suppose that the algorithm produces a node A, a specific

OA(N ; s1, . . . , sq; t), with q ≤ n. We want to extend this array only if it is

lexicographically minimum. We propose the following

Lexicographic test

1. For each row r of A, enumerate one by one all level permutations h such

that c
h(A)
rj = 0 for all 1 ≤ j ≤ k.

2. For each h(A), enumerate all permutations g such that column i is per-

muted with other columns with si levels, for 1 ≤ i ≤ k.

3. For each permuted array g.h(A), apply the unique row permutation s(g.h(A))

that results in the lexicographically smallest image of g.h(A).

4. If s(g.h(A)) < A for some h and g, then discard A.

5. If A < s(g.h(A)) for all permutations g and h, then keep A.

An important issue is the number of permutations to consider for the lexico-

graphic test. Using the notation OA(N ; sq1
1 sq2

2 · · · sqv
v ; t) with s1 > s2 > · · · > sv,

we observe that each array that has been kept has been subjected to the follow-

ing numbers of permutations:

|g| = ∏v
i=1 qi!

|h| = N.
∏v

i=1((si − 1)!)qi

|g.h| = N.
∏v

i=1 qi!((si − 1)!)qi
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It is obvious that for larger problems the computation time becomes huge by

just considering the lexicographic test. On the other hand, the test reduces

the search space by pruning arrays that are not lexicographically minimum at

the end of each column. Also, because of the test we obtain solutions that are

unique in their isomorphic class.

The main algorithm can now be formulated as follows.

Construction of a minimum complete set of OA(N ; s1, . . . , sn; t)

1. Construct the root node R. Set X = R.

2. Set q = nc(X), nc denoting the number of columns.

3. If q = n then stop. Else

4. Invoke the extension algorithm; input: X; output: C(X).

5. Set d = |C(X)|.

6. If d = 0 , then stop. Else

7. For i = 1 · · · d do

8. Invoke lexicographic test; input: Ci(X).

9. If Ci(X)=ρ(Ci(X)) then set X = Ci(X) and return to 3.

10. End for.

2.2 A worked example

We now illustrate the various stages of the algorithm with the construction of

a minimum complete set of OA(16; 4123; 3); see Table 1. The algorithm starts

with construction of the root node R shown in the left panel of the table. From

this node, the extension algorithm starts. The first element of the third two-

level factor is taken to be 0. For the second element, we have the choice between

a 0 and a 1. The second panel of the Table 1 shows the first option. It is a

faulty one, because there should be exactly one 0/0/0 triple of the four-level
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factor, the first two-level factor, and the third two-level factor. So the set A2(0)

has just one element namely (0, 1).

The first and only set Ar+1(v1c, . . . , vrc) to have more than one element is

A5(0, 1, 1, 0), with elements (0, 1, 1, 0, 0), and (0, 1, 1, 0, 1), respectively. From

that point onward, there are only unique compatible choices. The resulting

arrays are given as Array 1 and Array 2 in Table 1.

Upon completion of an array, the lexicographic test is applied. Array 1

is lexicographically minimum. The total number of permutations needed to

establish this fact is 16.3!.3! = 576. Array 2 can be turned into array 1 by

permuting the levels 1 and 2 of the four-level factor and sorting of the rows. So

this array is discarded. We conclude that there is a unique OA(16;4123; 3).

Suppose now that we want to construct a minimum complete set of OA(16;

4124; 3). The root of the search tree is the same as the above one. There are

two child nodes C(X), viz. Array 1 and Array 2. Array 2 is not subjected to

the extension algorithm because it is not lexicographically minimum. Array 1

is subjected to extension. The first two elements of the new column must be

Table 1: Construction of OA(16;4123; 3)

Root false step Array 1 Array 2
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 1 1 0 0 1 1
0 1 0 0 1 0 0 1 0 1 0 1 0 1
0 1 1 0 1 1 0 1 1 0 0 1 1 0
1 0 0 1 0 0 1 0 0 0 1 0 0 1
1 0 1 1 0 1 1 0 1 1 1 0 1 0
1 1 0 1 1 0 1 1 0 1 1 1 0 0
1 1 1 1 1 1 1 1 1 0 1 1 1 1
2 0 0 2 0 0 2 0 0 1 2 0 0 0
2 0 1 2 0 1 2 0 1 0 2 0 1 1
2 1 0 2 1 0 2 1 0 0 2 1 0 1
2 1 1 2 1 1 2 1 1 1 2 1 1 0
3 0 0 3 0 0 3 0 0 1 3 0 0 1
3 0 1 3 0 1 3 0 1 0 3 0 1 0
3 1 0 3 1 0 3 1 0 0 3 1 0 0
3 1 1 3 1 1 3 1 1 1 3 1 1 1
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0 and 1, respectively. The third element cannot be a 0, because there should

be exactly one 0/0/0 triple of the four-level factor, the first two-level factor,

and the fourth two-level factor. Neither can it be a 1, because there should be

exactly one 0/1/1 triple of the four-level factor, the third two-level factor, and

the fourth two-level factor. Here, the extension algorithms stops. We conclude

that OA(16;4124; 3) does not exist. In fact, this exemplifies an easy-to-prove

theorem:

Theorem 3 If there is a unique OA(N ; s1, . . . , sn; t), it is not possible to extend

the array with an additional column that has level numbers equal to one of the

original columns, while maintaining strength t.

2.3 Discussion

The proposed algorithm features element-wise addition of symbols in a column,

isomorphism testing performed on single arrays and a depth-first approach.

These features jointly define for what cases the algorithm is expected to be

useful. First, the element wise addition has advantages over an addition of a

new column balanced for the first t − 1 columns (Tsai, Gilmour, and Mead,

2000; Sun, Li, and Ye, 2002) for growing run size. For example, the addition

of two-level columns to OA(24; 3122; 3) requires evaluation of 46656 columns.

For the OA(48; 3122; 3), this number grows to more than 117 billion. For

adding a three-level column to OA(54; 33; 3) the number grows to 3.87× 1017.

Elementwise addition is clearly useful in these cases.

The isomorphism testing performed on single arrays has the advantage that

it permits parallelization of the algorithm. Given a set of, say, m arrays that

have to be subjected to isomorphism testing, a pairwise testing procedure could

involve m − 1 ≤ c ≤ 0.5m(m − 1) tests. For the single-array testing, c =

m. On the other hand, the single-array testing requires that the testing is

comprehensive, while the pairwise testing need only to be applied within groups

that are homogeneous with respect to initial classification criteria. The need for
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comprehensive testing renders single-array testing impractical for arrays with

many factors. For example, each lexicographically minimum OA(27; 312; 2) has

to be subjected to 5.30 × 1013 permutations to determine whether it is indeed

of canonical form.

From the above paragraphs, we conclude that the proposed algorithm is

likely to be useful for moderate to large run sizes in conjunction with a moderate

number of factors. This formulation is deliberately vague, because much also

depends on computing resources, and the strategy applied when an array with

an added column has passed the test. Our present algorithm then proceeds

with adding additional columns as it is depth-first. One could change priorities

and make a breadth-first algorithm as used, for example by Chen, Sun, and Wu

(1993) for regular two-level designs.

2.4 Known and new cases

We implemented the algorithm in a C program. One peculiar feature of C is in

its integer representation taking 32 bits. One bit is used to store the sign; there

thus remain 31 bits for the value itself. This implies that we can use integers up

to at most 231. When it comes to permuting columns in isomorphism testing, we

can handle at most 12 columns with the same factor-levels, as 12! < 231 < 13!.

We tested our algorithm against three known cases. First, Li (2006) found

55 distinct OA(16; 27; 2). Our algorithm reproduced this number of cases.

All cases are given explicitly in Sun, Li, and Ye (2002). From the cases given

by these authors, it can be established that there is a single OA(16; 27; 3).

Likewise, our algorithm returned a single array of this type.

As a second test, we were able to reproduce the finding of Hedayat, Seiden,

and Stufken (1997) that there are exactly four isomorphism classes of OA(54;

35; 3).

Finally, we confirm Xu, Cheng, and Wu (2004) in their finding by random

search that there are three distinct OA(18; 37; 2).

We generated some new series of OA(N ; sa
1s

b
2; t) for t = 2, 3, 4, to be able to
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discuss our classification criteria. Without risk of confusion, a specific series will

be designated N.a.b, and the ith member of a series with N.a.b.i. An overview

is given in Table 2. We generated all combinatorially non-isomorphic OA(18;

3a21; 2). Until now, the L18 (see, e.g., Wu and Hamada, 2000) and projections

thereof into less factors were the only known members of these series. We

observe a considerable size of the minimum complete subsets for 3 up to 6

three-level factors. Some aspects of the classification are discussed in Section

3. A comprehensive classification of all 18-run orthogonal arrays, including

projection properties into arrays with a smaller number of factors, is given in a

separate paper (Schoen, 2007).

The strength-3 arrays in Table 2 are all 3a2b arrays. None of these arrays can

be extended with additional three-level or two-level factors while at the same

time retaining strength 3. This fact, and the numbers of isomorphism classes of

the 48-run and 54-run cases were given earlier in Brouwer, Cohen, and Nguyen

(2006). The only other literature reference on mixed two-and-three-level designs

known to us is Connor and Young (1961). The designs of these authors permit

estimation of all main effects and two-factor interactions. Our series have smaller

run-sizes than the corresponding designs of Connor and Young. Their 3124 and

3129 arrays have run sizes of 36 and 128 and strengths of 1 and 0, respectively.

Table 2: Some new series of orthogonal arrays

t N type # ni arrays
2 18 3721 3

3621 12
3521 19
3421 48
3321 15
3221 3

3 24 3124 3
48 3129 3
54 3521 4

4 128 4323 6
4226 77
4129 275
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So the first of these arrays has one third of the observations allotted to each

level of the three level factor, and one half of the observations allotted to each

level of any two-level factor. There is no further balance. The second of the

arrays has no level-balance at all. The 3521 array of Connor and Young has

strength 4 and run size 162; this is just a duplicated regular OA(81; 35; 4). So

our arrays could be a suitable alternative to the Connor and Young designs;

statistical properties are discussed later in this paper.

Similar to the tabulated strength-3 series, the tabulated strength-4 arrays

cannot be extended with an additional four-level or two-level factor while re-

taining strength 4. We chose the 128-run series, because series for all possible

smaller run-sizes had at least one solution that can easily be constructed from

regular designs.

3 Classification

Our primary purpose to construct minimum complete series of orthogonal ar-

rays is to find arrays useful as an experimental design to study the effect of

controllable factors. The factors involved may be quantitative or qualitative.

Our construction algorithm is focused on qualitative factors because level per-

mutations of a factor are considered to result in equivalent designs. So it makes

sense that classification criteria for our arrays should reflect the quality of an

array when used as a practical design for qualitative factors. Literature criteria

for two-level designs include the well-known aberration criterion of Fries and

Hunter (1980) for regular designs, and the generalized resolution of Deng and

Tang (2002) for irregular designs. Criteria for quantitative factors include the

Q criterion of Tsai, Mead and Gilmour (2000), and the criteria based on the

β-WLP of Cheng and Ye (2004). Criteria for general factorial designs were pro-

posed by Xu and Wu (2001), and criteria focused on model discrimination were

proposed by Srivastava (1975) and Jones et al. (2007); see also the references

contained in the latter article.
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In this section, we propose to differentiate the criteria according to the

strength of the array. There will be a few simple criteria for each strength,

and we should want to restrict attention to the arrays that have good combined

properties regarding these criteria. Following Sun et al. (1997), we discard

inadmissible arrays. An array is inadmissible according to c criteria if there is

another array that is strictly better according to at least one of the criteria and

equally good according to the remaining criteria. Otherwise, the array is called

admissible.

In the remainder of this section, we introduce the criteria for strength 2, 3

and 4 separately. We study the series of arrays from Table 2 with the proposed

criteria.

3.1 Criteria for t = 2

Arrays of strength 2 could fruitfully be used to detect active main effects of

the factors. Here, it is important that two-factor interactions (2fis) should not

hamper the detection procedure. We adopt two literature criteria to quantify

this notion. The first one is the number of words of length 3 in the generalized

word-length pattern (GWLP) defined by Xu and Wu (2001). The GLWP of an

array with n factors is a vector (A1, A2, . . . , An). The Ai can be viewed as the

sum of all squared and standardized inner products of two columns measuring

Table 3: Admissible OA(18; 3a21; 2)

Array A3 Projected A3 frequency
0 4/9

1/2
2/3 1 2

18.7.1.1 28 9 9 16 21 0 1
18.6.1.1 16 6 0 20 9 0 0
18.5.1.1 81/2 7 0 7 3 3 0
18.5.1.3 82/3 4 6 4 6 0 0
18.4.1.1 31/2 6 0 1 0 3 0
18.4.1.4 37/9 2 4 4 0 0 0
18.3.1.1 1/2 3 0 1 0 0 0

NOTE: projected A3 frequency gives the number of 3-column subarrays that have the indi-

cated A3.
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a j-factor and a (i − j)-factor interaction, respectively. For all designs, the Ai

are independent of the choice of orthonormal contrasts used to calculate the

interactions (Dey and Mukerjee, 1999).

For arrays of strength 2, A1 = A2 = 0. Contamination of main effects with

2fis is measured by A3, and, in general, we prefer arrays with a minimum value

of this quantity. Xu, Cheng, and Wu (2004) note that there may be several

non-isomorphic arrays with identical GWLP, and thus with identical A3-values.

For example, we obtained three non-isomorphic 3721 arrays. All three arrays

have the same GWLP, with A3 = 28. In order to discriminate designs with

identical GWLP, the aforementioned authors propose the projection aberration

criterion. This criterion uses the A3 values of the 3-factor projections. For

a 3a21 array, we have (a + 1)a(a − 1)/6 3-factor projections. The possible

A3 values of the projections appear to be 0, 4/9, 1/2, 2/3, 1 or 2. The A3

values are ordered according to a decreasing desirability. A value of 2 implies

a complete aliasing of a main effect with either the Y + Z (mod 3) or the

Y +2Z (mod 3) component of the 2fi among the other two factors of the three-

factor projection. A value of 0 implies orthogonality. The projection aberration

criterion sorts designs according to their projection frequency starting from the

worst projection A3-value. For example, Table 3 shows that designs 18.5.1.1,

and 18.5.3 have projection frequencies of (7 0 7 3 3 0), and (4 6 4 6 0 0),

respectively. The first array is slightly better in terms of total A3. However,

three of its 3-factor subarrays have A3 = 1. This is worse than is the case with

18.5.1.3 that has none of its subarrays with A3 = 1.

Table 3 presents the classification for all admissible OA(18; 3a21; 2) with

3 ≤ a ≤ 7. For a = 5 and a = 4, there are two admissible arrays; the remaining

cases each have a single admissible array. The arrays themselves are given in

the Appendix. No array is given for a = 2, because the only admissible array

is just the full factorial. It is interesting to note that the 3721 presented there

is not isomorphic to the widely used L18. Further details are given by Schoen

(2007).
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Jones et al. (2007) give criteria to quantify a design’s ability to distinguish

among models from some specified family. In our case, such a family would

consist of all the main effects and a few 2fis. However, an interaction among

qualitative three-level factors takes 4 degrees of freedom. So we believe that the

primary concern here should be with the contamination between main effects

and 2fis as measured with our proposed criteria. We refer to the aforementioned

paper for the case of qualitative three-level factors and projections of the L18.

3.2 Criteria for t = 3

Consider an OA(N ; s1s2 · · · sn; 3), F , say. Call the columns in F ‘original

columns’. Replace any original column of si levels with si − 1 orthogonal

columns, and call these the ‘main effect columns’. Add to the left a column

1 and call the matrix of the new set of columns F1. Construct the p-extended

model matrix Fp by extending F1 with columns formed by the entry-wise prod-

ucts of 2, . . . , p of the main effect columns for p = 2, . . . , n . Do not form

products of main effect columns obtained from the same original column.

As the arrays are orthogonal, we know that F1 has full rank. In orthogonal

arrays of strength 3, the columns in F1 are orthogonal to each other and to the

columns in the 2-extended model after excluding the columns of the 1-extended

model, F2 \ F1. So contamination of main effects with 2fis is of no concern

here. If we can ignore higher-order interactions, main effects can be identified

with standard F tests or with methods judging the main effects with a robust

estimate of the standard error constructed from the effects themselves (Lenth

1989, Schoen and Kaul 2000, Loeppky and Sitter 2001).

The challenge in strength-3 arrays is to identify the active 2fis collected in

F2\F1. So classification criteria for strength-3 arrays in a minimum complete set

should focus on this issue. We propose three simple criteria and illustrate with

the strength-3 arrays in Table 2, augmented with the OA(54; 35; 3) taken from

Hedayat, Seiden and Stufken (1997). We included this series as the statistical

properties of the arrays have not been studied previously. Classification of the
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strength-3 arrays is given in Table 4.

First, we propose to include A4 as a classification criterion of strength-3 ar-

rays; see the explanation in the previous subsection. We note that minimization

of this criterion minimizes the sum of squared correlations among 2fi compo-

nents. As shown in Table 4, the criterion does not uniquely identify the arrays

within a series. Thus, for t = 3, we would also want to consider other criteria.

Second, we propose to include the rank n2 = r(F2) − r(F1) of the F2 \ F1

matrix. This quantity specifies the maximum number of estimable components

of 2fis in a model based on the array. It may be refined further by looking at the

ranks for meaningful subsets of the 2fis. For example, one could be specifically

interested in interactions among 2-level factors.

In general, we would prefer arrays with large n2. Table 4 shows the val-

ues for the series of strength-3 arrays considered in this paper. It is remark-

able that 54.5.0.4 has almost all its interaction components estimable. Further,

both 24.1.4.1 and 24.1.4.3 have all components of 2fi estimable. In view of the

strength of the arrays, the interaction estimates must be correlated. As noted

Table 4: Summary of strength-3 arrays

Array n2 A4 MFS
24.1.4.1 14(0) 7/9 0
24.1.4.2 11(3) 1 3
24.1.4.3 14(0) 1/9 0
48.1.9.1 36(18) 82/9 0 0 0 36 4
48.1.9.2 82/9 0 0 0 48 16
48.1.9.3 85/9 0 0 0 5 4
54.5.0.1 31(9) 31/18 0 0 0 0 25
54.5.0.2 36(4)
54.5.0.3 35(5) 3 1 0 0 0 4
54.5.0.4 39(1) 0 0 1 0 0
54.5.1.1 41(9) 52/3 1 0 1 0 4 0 18
54.5.1.2 1 0 2 0 4 0 16
54.5.1.3 0 0 2 2 0 0 0 0 3
54.5.1.4 0 0 4 0 0 0 0 0 3

NOTES: n2 gives degrees of freedom for 2fi components. Figures between brackets: non-

estimable df of full 2fi models. MFS given for models with 2-10 2fi for 3124 series and 2-6 2fi

for remaining series.
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by Hedayat, Seiden, and Stufken (1997), the first two 35 arrays have two and

one duplicate runs, respectively. So there are 2 and 1 degree of freedom, respec-

tively, to estimate pure error. As this is an exception rather than the rule, we do

not propose to include a classification criterion based on pure error degrees of

freedom. Finally, we note that the joint criteria of n2 and A4 fail to discriminate

the 3521 arrays and two of the 3129 arrays.

To define the third classification criterion, consider a modelM containing all

components of k 2fis (2fis). The set of all these components is called a minimum

forbidden subconfiguration (MFS) if

1. M contains at least 1 non-estimable component.

2. Deleting all components of any of the k 2fis would result in an estimable

model.

Augmentation ofM with other interactions also results in a model that is not

fully estimable. For an orthogonal array of strength 3, all models with a single

2fi are estimable. The set of all MFS for k = 2, . . . ,
(
n
2

)
permit an assessment of

models that can be estimated with the particular array. The set can be found by

calculating the ranks of submatrices of F2 \F1. Note that this can involve heavy

computations for large n. Note also, that MFS is a vector-valued criterion. We

want to minimize MFS sequentially, from the leftmost element onward.

Tabel 4 gives MFS values for the designs of special interest. For the 24.1.4

cases, we have 10 possible interactions, and we considered values of k to 10. The

figures bear on MFS for k = 2. The MFS for all remaining values of k was 0.

Of the three arrays, only array 24.1.4.3 is admissible if we use n2, A4 and MFS

as criteria.

For the 48.1.9 cases, there are 45 possible interactions. We considered values

of k from 2 up to 6. Array 48.1.9.2 is inadmissible under the joint criteria of

A4, n2, and MFS. The other two arrays are admissible under these criteria.

For the 54.5.0 and 54.5.1 cases, we have 10 and 15 possible interactions,

respectively. We considered values of k up to 10. There are two admissible
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Figure 1: Minimum forbidden subconfiguration for array 54.5.0.4

35 arrays. The first one, 54.5.0.3, has 36 out of the 40 2fi degrees of freedom

estimable. This is opposed to the 39 components in the fourth array. However,

the MFS vector of the fourth array indicates a non-estimable 4-2fi model, where

all 5-2fi models of the second array are estimable.

The first two 3521 are derived from 54.5.0.3, and the remaining two from

54.5.0.4. The single admissible 3521 array is the third one of the series.

The MFS criterion is closely related to the concept of estimation capacity

(Cheng et al., 1999). The estimation capacity for v 2fis (ECv) is defined as the

fraction of all
(

c
v

)
v-interaction models that are estimable. Here, c = 0.5n(n−1)

is the total number of interactions, not of interaction components. We favor

MFS, because it is easier to see for what numbers v new linear restrictions

apply.

The MFS criterion also gives information on model robustness of an array.

Model robustness is a design’s ability to identify the true model from a family

of competing models. Conditions for which one can do so for all the models

containing main effects and k interactions were identified by Srivastava (1975).

Assuming observations without error, he showed that a necessary and sufficient

condition is the estimability of all models containing 2k interactions. (His actual

formulation was more general. Here we apply his results to strength-3 arrays

assuming that we always want to estimate all the main effects.) A design that

fulfills the condition is said to be strongly resolvable with resolving power k.

For our designs, we can identify k as the minimum v for which MFS2v > 0.
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So, for example, we can see that all OA(48; 3129; 3) have k = 2 and it is possible

to distinguish among all models with 2 2fi. However, models with more than

k interactions may still be distinguishable. By way of an illustration, Figure 1

shows the single MFS for array 54.5.0.4 (the array can be obtained by deleting

the two-level column of array 54.5.1.3 in the Appendix). The MFS contains

the interactions PQ, QT, TP and RS. If we can assume absence of one of these

interactions, all nine remaining interactions can be estimated.

For the purpose of classification of designs, MFS is more refined than k

because it is a vector-valued measure. It identifies families of models that have

an EC of 100% and it permits a more detailed assessment of arrays for cases

where EC is smaller. One may follow up with studying model robustness in

families with EC = 100% proposed by Jones et al. (2007).

In our definitions of MFS and EC, we consider estimability of models M
containing all components of v 2fis. If an array has at least one factor at more

than two levels, we could also consider models for which some of the individual

interaction components are estimable. We prefer the former option, because the

designs considered here will be mainly used for categorical factors. It is unlikely

that an interaction between such factors can be modeled using a subset of the

interaction components.

Our preference for models containing full sets of interaction components only

applies to irregular designs - as are the designs of special interest considered

here. For regular designs, components of interaction are defined by modular

arithmetic (see, e.g., Wu and Hamada 2000). While it remains unlikely that

an interaction between categorical factors can be fully modeled using only one

component, the components form mutually orthogonal sets whose activity can

be judged by standard methods.

3.3 Criteria for t = 4

For arrays of strength 4, all main effects and all 2fi are estimable orthogonally

from each other. Taking the A5 value of the arrays as one of the classification
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criteria turns out to be uninformative for the cases we have studied. Instead, we

propose to classify these arrays according to MFS spectra and n2 spectra of the

sub-arrays that result from taking the rows that have a particular level of one

of the factors. We exemplify with the classification of the six OA(128; 4323; 4)

in Table 5. There are 3× 4 = 12 possible sub-arrays resulting from taking one

particular level of a four-level factor. These sub-arrays have either an MFS of (5

2 0) or of (9 0 0), where the first MFS is the better one. The Table shows MFS

spectra, indicating how many of the 12 subarrays have the first MFS and how

many have the second one. As each of the subarrays have 32 runs, we indicate

these spectra with MFS(32). The arrays 2 and 4 both have the best spectrum.

Apparently the information needed to estimate all the 2fi is spread out evenly

over the subarrays.

There are 3 × 2 = 6 possible subarrays that have a level of some two-level

factor in common. Here, there are seven possible MFS vectors, as indicated in

the table. The best spectrum is the one with the right-most non-zero entry as

much as possible to the left. This implies minimization of the less favorable

MFS vectors. Array 4 has the best spectrum.

We also calculated n2 spectra for the arrays. Als sub-arrays with 32 runs

have 12 df for estimation of 2fi. For 64-run subarrays, possible values are 40,

42, 43, 44 and 45, respectively. Here, we want to have the left-most non-zero

Table 5: Summary of all non-isomorphic OA(128; 4323; 4)

Array MFS(32) MFS(64) n2(64)
1 0 12 0 0 0 0 0 0 6 6 0 0 0 0
2 12 0 0 2 0 0 4 0 0 2 0 4 0 0
3 4 8 0 0 0 2 0 4 0 0 4 0 2 0
4 12 0 2 0 4 0 0 0 0 0 0 0 2 4
5 6 6 0 2 0 0 4 0 0 0 0 6 0 0
6 8 4 2 0 0 0 4 0 0 0 0 4 2 0

NOTES: array 4 is admissible; all arrays have WLP (0,0,3); MFS(32) spectra for 2-4 2fi are

(5 2 0) and (9 0 0); all subarrays with N = 32 have n2 = 12; MFS(64) spectra for 2-4 2fi are

(0 1 0), (0 3 0), (1 0 0), (2 0 0), (3 0 0), (4 0 0), and (6 0 0); n2(64) values are 40, 42, 43, 44,

and 45.
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entry as much as is possible to the right. Again, array 4 is best. In fact, this

is the only admissible array in the series under the joint criteria of MFS(32),

MFS(64), n2(32), and n2(64).

We now briefly discuss classification of the two remaining series of OA(128;

4a2b; 4) with a, b ≥ 1. Table 6 summarizes results for admissible arrays with

a = 2 and b = 6. There are 11 such arrays. None of the arrays are dominated

by any of the other arrays. For example, array 128.2.6.14 has all its 8 32-run

subarrays with an MFS of (0 14 8), while 128.2.6.15 has four sub-arrays with

this MFS and four with (3 20 0). Here, the first array is better than the second

one. This is also the case if we judge from the MFS(64). However, the n2(64)-

spectrum of the first array has its first non-zero entry on the first position. For

the second array, the first non-zero entry is on the third position. Here, the

second array is better than the first one.

It is hard to tell which of the admissible arrays in Table 6 should be chosen

as an experimental design. For the n2(32) spectra the possible n2 values are 20

and 21 df, respectively. These values are too close to help in choosing an array.

The other spectra are really different. The best MFS(32) is the one of array

Table 6: Summary of all admissible OA(128; 4226; 4)

Array MFS(32) n2(32) MFS(64) n2(64)
14 8 0 0 0 8 0 0 0 8 0 4 0 0 0 0 0 0 0 4 0 0 0 8 0 0 0
15 4 4 0 0 8 0 4 0 0 0 0 0 0 8 0 0 0 0 0 0 8 0 0 0 4 0
30 0 0 0 8 0 8 0 0 0 0 0 2 4 0 0 0 2 4 0 8 2 0 2 0 0 0
39 4 2 2 0 8 0 12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 8 4 0
47 0 4 2 2 6 2 2 0 0 2 0 0 0 8 0 0 0 0 0 0 0 0 8 0 2 2
56 0 0 4 4 4 4 0 0 0 4 0 0 0 8 0 0 0 0 0 0 0 0 8 0 4 0
68 4 0 0 4 4 4 0 0 0 4 0 0 0 0 0 8 0 0 0 0 4 4 0 0 4 0
69 2 2 0 4 4 4 0 0 0 4 0 0 0 8 0 0 0 0 0 0 0 0 12 0 0 0
73 2 2 2 2 6 2 0 2 0 2 0 0 0 8 0 0 0 0 0 0 0 0 12 0 0 0
74 4 2 0 2 6 2 0 2 0 2 0 0 0 4 4 0 0 0 0 0 4 0 6 2 0 0
77 2 2 4 0 8 0 12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 8

NOTES: admissible and inadmissible arrays all have WLP (0,0,6,1); MFS(32) spectra for 2-4

2fi are (0 14 8), (3 20 0), (6 6 8), and (9 4 0); n2(32) values are 20 and 21; MFS(64) spectra

for 2-4 2fi are (0 0 0), (0 0 1), (0 0 2), (0 1 0), (0 2 8), (0 4 1), (0 7 0), (3 0 0), (3 0 1),

(3 1 0), (3 2 0), and (3 2 2); n2(64) values are 41, 42, 44, 45, 46, 47, 48, and 49.
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128.2.6.14; the best MFS(64) and n2(64) spectra are those of array 128.2.6.77.

If there is a clear interest either in 32-run subarrays or in 64-run subarrays,

these are the arrays to choose from. This could be the case if the subarrays are

used as blocks of the total array.

It remains to discuss the 4129 series. Of the 32-run subarrays, there are 7

different MFS vectors and 3 different n2 values. Of the 64-run subarrays, there

are 48 different MFS vectors and 12 different n2 values. There is just a single

admissible array out of the 275 arrays. All its 4 32-run subarrays have MFS (0

0 18) and n2 = 22. All its 18 64-run subarrays have MFS (0 0 0). Fourteen of

these subarrays have n2 = 54; the remaining ones have n2 = 51.

4 Conclusion

This paper features enumeration of series of OA(N ; s1s2 · · · sn; t) and selec-

tion of an array from such a series to be used as an experimental design. We

formulated a simple algorithm for the enumeration of a complete series. We

believe the algorithm to be particularly useful for moderate to large run sizes in

conjunction with a small to moderate number of factors. We further proposed

classification criteria that are easy to calculate. We differentiate the criteria

according to the strength of the array. The criteria reflect the array’s potential

to be used for practical experimentation. They permit reduction of large sets

of non-isomorphic arrays to much smaller sets of admissible arrays. However, if

other criteria are to be considered in conjunction with those proposed here, the

list of admissible designs will grow.

Using an algorithm to generate series of arrays gives little information on

succinct ways to construct individual arrays. Knowledge of an explicit con-

struction method may well lead to more insight into the best way to analyse

the results of an experiment. We would therefore welcome research on such

methods. All arrays discussed in this paper are obtainable electronically from

the first author.
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Appendix: Selected Orthogonal Arrays

Table 7: OA(18; 3a21;2) admissible according to A3 and projected A3 frequency

18.7.1.1 18.6.1.1 18.5.1.1 18.5.1.3 18.4.1.1 18.4.1.4 18.3.1.1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 1 1 1 1 0 0 1 1 1 1 0 0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 1 0 0 1 1 0 0 0 1 1

0 1 1 0 0 2 2 1 0 1 0 1 2 2 0 0 1 1 0 2 1 0 1 1 0 1 1 0 1 1 0 1 0 1 0 1 1 0 1 0 1

0 1 1 2 2 1 1 0 0 1 2 2 0 1 1 0 1 1 2 1 0 0 1 2 1 2 0 0 1 1 2 0 0 1 2 2 0 0 1 2 0

0 2 2 1 2 0 2 0 0 2 1 2 2 0 1 0 2 2 1 2 0 0 2 1 2 2 0 0 2 2 1 0 0 2 1 2 1 0 2 1 0

0 2 2 2 1 2 0 1 0 2 2 0 1 2 1 0 2 2 2 0 1 0 2 2 2 0 1 0 2 2 2 1 0 2 2 0 1 0 2 2 1

1 0 1 1 1 2 2 0 1 0 0 2 2 1 1 1 0 1 1 0 0 1 0 1 0 2 0 1 0 1 1 0 1 0 0 2 0 1 0 0 1

1 0 1 2 2 0 0 1 1 0 2 1 0 2 1 1 0 2 0 2 1 1 0 2 2 1 0 1 0 2 0 1 1 0 2 1 1 1 0 2 0

1 1 2 0 1 0 1 0 1 1 1 2 1 2 0 1 1 0 2 0 1 1 1 0 2 2 1 1 1 0 2 1 1 1 1 2 1 1 1 1 0

1 1 2 1 0 1 0 1 1 1 2 0 2 0 0 1 1 2 0 1 0 1 1 1 1 0 1 1 1 2 0 0 1 1 2 0 0 1 1 2 1

1 2 0 0 2 2 1 1 1 2 0 1 1 0 1 1 2 0 2 2 0 1 2 0 1 0 0 1 2 0 2 0 1 2 0 1 1 1 2 0 0

1 2 0 2 0 1 2 0 1 2 1 0 0 1 0 1 2 1 1 1 1 1 2 2 0 1 1 1 2 1 1 1 1 2 1 0 0 1 2 1 1

2 0 2 0 2 1 2 1 2 0 1 0 2 2 1 2 0 1 2 2 1 2 0 1 2 0 1 2 0 1 2 1 2 0 1 0 1 2 0 1 0

2 0 2 2 0 2 1 0 2 0 2 2 1 0 0 2 0 2 2 1 0 2 0 2 1 2 1 2 0 2 2 0 2 0 2 2 1 2 0 2 1

2 1 0 1 2 2 0 0 2 1 0 0 1 1 1 2 1 0 1 2 0 2 1 0 2 1 0 2 1 0 1 0 2 1 0 0 1 2 1 0 0

2 1 0 2 1 0 2 1 2 1 1 1 0 0 1 2 1 2 1 0 1 2 1 2 0 0 0 2 1 2 1 1 2 1 1 1 0 2 1 1 1

2 2 1 0 1 1 0 0 2 2 0 2 0 2 0 2 2 0 0 1 1 2 2 0 0 2 1 2 2 0 0 1 2 2 0 2 0 2 2 0 1

2 2 1 1 0 0 1 1 2 2 2 1 2 1 0 2 2 1 0 0 0 2 2 1 1 1 0 2 2 1 0 0 2 2 2 1 0 2 2 2 0

Table 8: The series of OA(24; 3124; 3)

24.1.4.1 24.1.4.2 24.1.4.3

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 1 1 0 0 0 1 1

0 0 1 1 0 0 0 1 0 1 0 0 1 0 1

0 0 1 1 1 0 0 1 1 0 0 0 1 1 0

continued on next page
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Table 8 (continued)

24.1.4.1 24.1.4.2 24.1.4.3

0 1 0 1 0 0 1 0 0 1 0 1 0 0 1

0 1 0 1 1 0 1 0 1 0 0 1 0 1 0

0 1 1 0 0 0 1 1 0 0 0 1 1 0 0

0 1 1 0 1 0 1 1 1 1 0 1 1 1 1

1 0 0 0 0 1 0 0 0 0 1 0 0 0 0

1 0 0 1 1 1 0 0 1 1 1 0 0 1 1

1 0 1 0 1 1 0 1 0 1 1 0 1 0 1

1 0 1 1 0 1 0 1 1 0 1 0 1 1 0

1 1 0 0 1 1 1 0 0 1 1 1 0 0 1

1 1 0 1 0 1 1 0 1 0 1 1 0 1 0

1 1 1 0 0 1 1 1 0 0 1 1 1 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 0 0 1 0 2 0 0 0 0 2 0 0 0 1

2 0 0 1 1 2 0 0 1 1 2 0 0 1 0

2 0 1 0 0 2 0 1 0 1 2 0 1 0 0

2 0 1 0 1 2 0 1 1 0 2 0 1 1 1

2 1 0 0 0 2 1 0 0 1 2 1 0 0 0

2 1 0 0 1 2 1 0 1 0 2 1 0 1 1

2 1 1 1 0 2 1 1 0 0 2 1 1 0 1

2 1 1 1 1 2 1 1 1 1 2 1 1 1 0

Table 9: The set of OA(48; 3129; 3)

48.1.9.1 48.1.9.2 48.1.9.3

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 1 1 1 1

0 0 0 0 1 1 0 0 1 1 0 0 0 0 1 1 0 0 1 1 0 0 0 0 1 1 0 0 1 1

0 0 0 0 1 1 1 1 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 1 1 1 1 0 0

0 0 1 1 0 0 0 0 1 1 0 0 1 1 0 0 0 0 1 1 0 0 1 1 0 0 0 1 0 0

0 0 1 1 0 0 1 1 0 0 0 0 1 1 0 0 1 1 0 0 0 0 1 1 0 1 0 0 1 1

0 0 1 1 1 1 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 1 1 1 0 1 0 0 1

0 0 1 1 1 1 1 1 1 1 0 0 1 1 1 1 1 1 1 1 0 0 1 1 1 1 1 1 1 0

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 0 1 0 1 0

0 1 0 1 0 1 1 0 1 0 0 1 0 1 0 1 1 0 1 0 0 1 0 1 0 1 1 1 0 1

0 1 0 1 1 0 0 1 1 0 0 1 0 1 1 0 0 1 1 0 0 1 0 1 1 0 0 1 1 1

0 1 0 1 1 0 1 0 0 1 0 1 0 1 1 0 1 0 0 1 0 1 0 1 1 1 0 0 0 0

0 1 1 0 0 1 0 1 1 0 0 1 1 0 0 1 0 1 1 0 0 1 1 0 0 1 0 1 1 0

0 1 1 0 0 1 1 0 0 1 0 1 1 0 0 1 1 0 0 1 0 1 1 0 0 1 1 0 0 1

0 1 1 0 1 0 0 1 0 1 0 1 1 0 1 0 0 1 0 1 0 1 1 0 1 0 0 1 0 1

0 1 1 0 1 0 1 0 1 0 0 1 1 0 1 0 1 0 1 0 0 1 1 0 1 0 1 0 1 0

1 0 0 0 0 1 0 1 0 1 1 0 0 0 0 1 0 1 0 1 1 0 0 0 0 1 0 1 1 0

1 0 0 1 0 0 0 1 1 0 1 0 0 1 0 0 0 1 1 0 1 0 0 1 0 0 0 1 0 1

1 0 0 1 0 1 1 0 0 0 1 0 0 1 0 1 1 0 1 1 1 0 0 1 0 1 1 0 1 1

1 0 0 1 1 0 0 0 0 1 1 0 0 1 1 0 0 0 0 1 1 0 0 1 1 0 1 1 1 0

1 0 1 0 0 1 1 1 1 0 1 0 1 0 0 1 1 1 1 0 1 0 1 0 0 0 1 0 0 0

1 0 1 0 1 0 0 1 1 1 1 0 1 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 1 1

continued on next page
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Table 9 (continued)

48.1.9.1 48.1.9.2 48.1.9.3

1 0 1 0 1 1 1 0 0 1 1 0 1 0 1 1 1 0 0 1 1 0 1 0 1 1 1 1 0 1

1 0 1 1 1 0 1 0 1 0 1 0 1 1 1 0 1 0 1 0 1 0 1 1 1 1 0 0 0 0

1 1 0 0 0 0 1 0 1 1 1 1 0 0 0 0 1 0 0 0 1 1 0 0 0 1 0 0 0 1

1 1 0 0 1 0 1 1 0 0 1 1 0 0 1 0 1 1 1 1 1 1 0 0 1 0 0 1 0 0

1 1 0 0 1 1 0 0 1 0 1 1 0 0 1 1 0 0 1 0 1 1 0 0 1 1 1 0 1 0

1 1 0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 0 0 1 1 0 1 1 0 1 0 0 1

1 1 1 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 1 1 1 1 1 0 0 0 1 1 1 1

1 1 1 1 0 0 1 1 0 1 1 1 1 1 0 0 1 1 0 1 1 1 1 1 0 0 0 0 1 0

1 1 1 1 0 1 0 0 1 1 1 1 1 1 0 1 0 0 0 0 1 1 1 1 0 1 1 1 0 0

1 1 1 1 1 1 0 1 0 0 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 0 1 1 1

2 0 0 0 1 0 1 0 1 0 2 0 0 0 1 0 1 0 1 0 2 0 0 0 1 0 1 0 0 1

2 0 0 1 0 1 1 0 1 1 2 0 0 1 0 1 1 0 0 0 2 0 0 1 0 1 1 0 0 0

2 0 0 1 1 0 1 1 0 1 2 0 0 1 1 0 1 1 0 1 2 0 0 1 1 0 0 0 1 0

2 0 0 1 1 1 0 1 1 0 2 0 0 1 1 1 0 1 1 0 2 0 0 1 1 1 0 1 0 1

2 0 1 0 0 0 1 0 0 1 2 0 1 0 0 0 1 0 0 1 2 0 1 0 0 1 0 1 0 1

2 0 1 0 0 1 0 0 1 0 2 0 1 0 0 1 0 0 1 0 2 0 1 0 0 1 1 0 1 0

2 0 1 0 1 0 0 1 0 0 2 0 1 0 1 0 0 1 1 1 2 0 1 0 1 0 0 1 1 0

2 0 1 1 0 1 0 1 0 1 2 0 1 1 0 1 0 1 0 1 2 0 1 1 0 0 1 1 1 1

2 1 0 0 0 0 0 1 1 1 2 1 0 0 0 0 0 1 0 0 2 1 0 0 0 0 0 0 1 1

2 1 0 0 0 1 1 1 0 0 2 1 0 0 0 1 1 1 1 1 2 1 0 0 0 0 1 1 0 0

2 1 0 0 1 1 0 0 0 1 2 1 0 0 1 1 0 0 0 1 2 1 0 0 1 1 1 1 1 1

2 1 0 1 0 0 0 0 0 0 2 1 0 1 0 0 0 0 1 1 2 1 0 1 0 1 0 1 1 0

2 1 1 0 1 1 1 1 1 1 2 1 1 0 1 1 1 1 0 0 2 1 1 0 1 1 0 0 0 0

2 1 1 1 0 0 1 1 1 0 2 1 1 1 0 0 1 1 1 0 2 1 1 1 0 0 0 0 0 1

2 1 1 1 1 0 0 0 1 1 2 1 1 1 1 0 0 0 0 0 2 1 1 1 1 0 1 1 0 0

2 1 1 1 1 1 1 0 0 0 2 1 1 1 1 1 1 0 1 1 2 1 1 1 1 1 1 0 1 1

Table 10: The set of OA(54; 3521; 3)

54.5.1.1 54.5.1.2 54.5.1.3 54.5.1.4

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 1 0 0 0 0 1 1 0 0 0 0 1 1 0 0 0 0 1 1

0 0 1 1 0 1 0 0 1 1 0 1 0 0 1 1 0 1 0 0 1 1 0 1

0 0 1 1 2 0 0 0 1 1 2 0 0 0 1 1 2 0 0 0 1 1 2 0

0 0 2 2 1 0 0 0 2 2 1 0 0 0 2 2 1 0 0 0 2 2 1 0

0 0 2 2 2 1 0 0 2 2 2 1 0 0 2 2 2 1 0 0 2 2 2 1

0 1 0 1 1 0 0 1 0 1 1 0 0 1 0 1 1 0 0 1 0 1 1 0

0 1 0 2 2 0 0 1 0 2 2 1 0 1 0 2 2 1 0 1 0 2 2 1

0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1

0 1 1 2 0 0 0 1 1 2 0 0 0 1 1 2 0 0 0 1 1 2 0 0

0 1 2 0 2 1 0 1 2 0 2 0 0 1 2 0 2 0 0 1 2 0 2 0

0 1 2 1 0 1 0 1 2 1 0 1 0 1 2 1 0 1 0 1 2 1 0 1

0 2 0 1 2 1 0 2 0 1 2 1 0 2 0 1 2 0 0 2 0 1 2 1

0 2 0 2 0 1 0 2 0 2 0 0 0 2 0 2 0 1 0 2 0 2 0 0

0 2 1 0 2 0 0 2 1 0 2 0 0 2 1 0 2 1 0 2 1 0 2 0

0 2 1 2 1 1 0 2 1 2 1 1 0 2 1 2 1 0 0 2 1 2 1 1
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Table 10 (continued)

54.5.1.1 54.5.1.2 54.5.1.3 54.5.1.4

0 2 2 0 0 0 0 2 2 0 0 1 0 2 2 0 0 0 0 2 2 0 0 1

0 2 2 1 1 0 0 2 2 1 1 0 0 2 2 1 1 1 0 2 2 1 1 0

1 0 0 1 1 1 1 0 0 1 1 1 1 0 0 1 1 1 1 0 0 1 1 1

1 0 0 2 2 1 1 0 0 2 2 0 1 0 0 2 2 0 1 0 0 2 2 0

1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0

1 0 1 2 0 1 1 0 1 2 0 1 1 0 1 2 0 1 1 0 1 2 0 1

1 0 2 0 2 0 1 0 2 0 2 1 1 0 2 0 2 1 1 0 2 0 2 1

1 0 2 1 0 0 1 0 2 1 0 0 1 0 2 1 0 0 1 0 2 1 0 0

1 1 0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1

1 1 0 0 2 0 1 1 0 0 2 0 1 1 0 1 0 0 1 1 0 1 0 0

1 1 1 1 1 0 1 1 1 1 1 0 1 1 1 1 2 1 1 1 1 1 2 1

1 1 1 1 2 1 1 1 1 1 2 1 1 1 1 2 2 0 1 1 1 2 2 0

1 1 2 2 0 0 1 1 2 2 0 0 1 1 2 0 1 0 1 1 2 0 1 0

1 1 2 2 1 1 1 1 2 2 1 1 1 1 2 2 1 1 1 1 2 2 1 1

1 2 0 1 0 0 1 2 0 1 0 0 1 2 0 0 2 0 1 2 0 0 2 1

1 2 0 2 1 0 1 2 0 2 1 1 1 2 0 2 1 1 1 2 0 2 1 0

1 2 1 0 0 1 1 2 1 0 0 1 1 2 1 0 0 1 1 2 1 0 0 0

1 2 1 2 2 0 1 2 1 2 2 0 1 2 1 1 1 0 1 2 1 1 1 1

1 2 2 0 1 1 1 2 2 0 1 0 1 2 2 1 2 1 1 2 2 1 2 0

1 2 2 1 2 1 1 2 2 1 2 1 1 2 2 2 0 0 1 2 2 2 0 1

2 0 0 1 2 0 2 0 0 1 2 0 2 0 0 1 2 1 2 0 0 1 2 0

2 0 0 2 0 0 2 0 0 2 0 1 2 0 0 2 0 0 2 0 0 2 0 1

2 0 1 0 2 1 2 0 1 0 2 1 2 0 1 0 2 0 2 0 1 0 2 1

2 0 1 2 1 0 2 0 1 2 1 0 2 0 1 2 1 1 2 0 1 2 1 0

2 0 2 0 0 1 2 0 2 0 0 0 2 0 2 0 0 1 2 0 2 0 0 0

2 0 2 1 1 1 2 0 2 1 1 1 2 0 2 1 1 0 2 0 2 1 1 1

2 1 0 1 0 1 2 1 0 1 0 1 2 1 0 0 2 1 2 1 0 0 2 0

2 1 0 2 1 1 2 1 0 2 1 0 2 1 0 2 1 0 2 1 0 2 1 1

2 1 1 0 0 0 2 1 1 0 0 0 2 1 1 0 0 0 2 1 1 0 0 1

2 1 1 2 2 1 2 1 1 2 2 1 2 1 1 1 1 1 2 1 1 1 1 0

2 1 2 0 1 0 2 1 2 0 1 1 2 1 2 1 2 0 2 1 2 1 2 1

2 1 2 1 2 0 2 1 2 1 2 0 2 1 2 2 0 1 2 1 2 2 0 0

2 2 0 0 1 0 2 2 0 0 1 0 2 2 0 0 1 0 2 2 0 0 1 0

2 2 0 0 2 1 2 2 0 0 2 1 2 2 0 1 0 1 2 2 0 1 0 1

2 2 1 1 0 0 2 2 1 1 0 0 2 2 1 1 0 0 2 2 1 1 0 0

2 2 1 1 1 1 2 2 1 1 1 1 2 2 1 2 2 1 2 2 1 2 2 1

2 2 2 2 0 1 2 2 2 2 0 1 2 2 2 0 1 1 2 2 2 0 1 1

2 2 2 2 2 0 2 2 2 2 2 0 2 2 2 2 2 0 2 2 2 2 2 0
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